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PREFACE 


The theory of operators in Hilbert space has its roots in 
the theory of orthogonal functions and integral equations. Its 
growth spans nearly half a century and includes investigations 
by Fredholm, Hilbert, Weyl, Hellinger, Toeplitz, Riesz, Frechet, 
von Neumann and Stone. While this subject appeals to the imag- 
ination, it is also satisfying because due to its present 
abstract methods, questions of necessity and sufficiency are 
satisfactorily handled. One can therefore be confident that its 
developement is far from complete and eagerly await its further 
growth. 

These notes present a set of results which we may call the 
group germ of this theory. We concern ourselves with the struc- 
ture of a single normal operator and at the end present the 
reader with a reading guide which, we believe, will give him a 
clear and reasonably complete picture of the theory. 

Fundamentally the treatment given here is based on the two 
papers of Professor J. von Neumann referred to at the end of 
Chapter I. An attempt however has been made to unify this 
treatment and also recast it in certain respects. (Cf. the 
introductory paragraphs of Chapter IX). The elementary portions 
of the subject were given as geometrical a form as possible and 
the integral representations of unitary, self-adjoint and normal 
operators were linked with the canonical resolution. 

In presenting the course from which these notes were taken, 
the author had two purposes in mind. The first was to present 
the most elementary course possible on this subject. This 
seemed desirable since only in this way could one hope to reach 
the students of physics and of statistics to whom the subject 
can offer so much. The second purpose was to emphasize those 

notions which seem to be proper to linear spaces and in partic- 
ular to Hilbert space and omitting other notions as far as pos- 
sible. The importance of the combination of various notions 
camnot be over-emphasized but there is a considerable gain in 
clarity in first treating them separately. These purposes are 
not antagonistic. We may point out that the theoretical por- 
tions of this work, except §4 of Chapter III, can be read with- 
out a knowledge of Lebesgue integration. 
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On the other hand, for these very reasons, the present work 
cannot claim to have supplanted the well-known treatise of M. H. 
Stone or the lecture notes of J. von Neumann. It is simply 
hoped that the student will find it advantageous to read the 
present treatment first and follow the reading guides given in 
Chapters XI and XII in consulting Stone's treatise and the more 
recent literature. 

To those familiar with the subject, it will hardly be neces- 
sary to point out that the influence of Professor von Neumann is 
effective throughout the present work. Professor Bochner of 
Princeton University has also taken a kind interest in this work 
and made a number of valuable suggestions. I am also deeply 
grateful to my brother, Mr. John E. Murray, whose valuable assis- 
tance in typing these lecture notes, was essential to their prep- 
aration. 


Columbia University, 
New York, N. Y. 
May, 1940 
F. J. Murray 
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CHAPTER I 


The expressions: 


; 
T,f - | xtx,y ea )ay 


or 


Tf = p(x)IGof(x)4a(x)f(x) 


or in the case of a function of two variables, 
2 Ox* Oy 

are linear operators. Thus the first two, when applicable, take 
a function defined on the unit interval into another function on 
the same interval. 

Now if we confine our attention to functions f(x) continu- 
ous on the closed wit interval and with a continuous derivative, 
we know that such a function can be expressed in the form, 


—- 52 
LEGO) = aes.) XyOxp ( 2trLocx ) 
1 
where he -{ f(x)exp(-2tiex )dx. alts T,f is of the same sort, 
fe} 


T,f = Ea Vor2XP ( 2rrLocx ) 


‘Ae-co 


1 
where Yo =f "2 exp(-2niox)dx = 
£3.38 J, (exp enti) Jexp(~2ndo)ax aes Xn@p, 0° 


Now for T; a@ somewhat similar argument holds, although it 
is customary to use a double summation. 
The important thing to notice is that the operator equation 


Tf = ¢g 


can be, in these cases, replaced by an infinite system of linear 
equations in an infinite number of unknowns. We shall prove 
that this can be done in far more general circumstances. 

One might attempt to solve such an infinite system of equa- 
tions by substituting a finite system and then passing to the 
limit, for example one might take the first n equations and 
ignore all but the first n wmknowns. But this process is in- 
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effective in general and introduces certain particular difficul- 
ties of its own. 

Other methods must be sought. The choice of the functions 
exp(2niox) corresponds to a choice of a system of coordinate 
axes in the case of a finite number of unknowns. In the fintte 
case for a symmetrical operator, the coordinate system can be 


chosen, so that, 


Sa. = @) alk o7e5 (ft, 


Ho, (3 De >So, =e 
OX, & 
(Cf. Chap.VII, §1, Lemma 4) Correspondingly in the infinite 


case we would seek a complete set of functions 9, such that 
T$(X) = Agdy(X)- 


When this has been done, inverting the equation becomes a simple 
process. For example, consider, T = iso F (x) =O (OT Ock)) 
While this is in general impossible, nevertheless an effective 
method of generalizing the result in the finite dimensional case 
exists and we shall discuss it in the present work. 

We shall want to give our discussion its most general form 
and for that reason we consider not the set of functions whose 
square is summable, but rather an abstract space which has just 
those properties of this set which are needed in our develope- 
ment. This space, h , is called Hilbert space and we shall 
show in Chapter II the existence of soniething equivalent to 
orthogonal sets of functions. 

In Chapter III, we discuss Ly and other realizations of 
abstract Hilbert space. In Chapters IV, V and VI, linear trans- 
formations are studied and certain preliminary properties estab- 
lished. Also a notion "weak convergence," which is of consider- 
able interest in the theory of abstract spaces, is introduced to 
establish Theorem V of Chapter V. 

In Chapter VII, we shall develope the needed generalization 
of the notion of an operator in diagonal form. In Chapter Ix, 
we shall show that a self-adjoint operator even if it is discon- 
tinuous, is expressable in the diagonal form. 

Symmetry is not sufficient in the discontinuous case as we 
shall see. The distinction between symmetric and self-adjoint 
transformations 1s brought out in Chapter X. In Chapter XI, a 
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brief outline of further developements in the theory is given. 

Except for Chapter XI, our discussion is based on the follow- 
ing: 

(1) F. Riesz and E. R. Lorch. Trans. of the Amer. Math. Soc. 
Vole 59, Dp. 351-540 (1936). 

(2) M. H. Stone. Colloquium Publications of Amer. Math. Soc. 
Weds kV (1952). 

(3) J. von Neumann. Math. Annalen Bd. 102 pp. 49-131 (1929). 

(4) J. von Neumann. Annals of Mathematics, end series, Vol. 
33, pp. 294-310 (1932). 


CHAPTER II 


The axiomatic treatment of Hilbert space was first given by 
J. von Neumann in (4) pp. 64-69. He proposed the definition 
given below. We follow here the discussion given by Stone (2). 
(Numerals in parentheses refer to the references cited at the 
end of Chapter I.) 


DEFINITION 1.1. A class % of elements f, g, ... 
is called a Hilbert space if it satisfies the following 
postulates: 


POSTULATE A. H is a linear space; that is, 

(1) there exists a commtative and associative oper- 
ation denoted by + , applicable to every pair f, g of 
elements of WH , with the property that f+g is also an 
element of 5A. 

(2) there exists a distributive and associative 
operation, denoted by «+ , applicable to every pair 
(a,f), where a is a complex number and f is an ele- 
ment of AWA ; 

(3) in W there exists a null element denoted by #0 
with the properties 


f+0 =f, a-8 = 0, Oo-f = 0. 


POSTULATE B. There exists a numerically-valued 
function (f,g) defined for every pair f, g of ele- 
ments of 5 , with the properties: 

(1) (af,g) = a(f,g). 

(2) (f,4+f,,8) = (f,,8)+(f,,8). 

Geet (ise). 

CEN Gane) ys O. 

(Cy (Gee) SS ©) Ske ghatel Ciulkyy aur GP SG), 

The not-negative real number (e,r)'/2 will be de- 
noted for convenience by |f]. 


POSTULATE C. For every “ny Moe. 25 Sues mes 
there exists a set of n linearly independent elements 
4 
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of  ; that is, elements fis ao f +a such that the 
equation a f+ Sic taf = @ is true only when a, = 


1 1 
Ss Ge 


POSTULATE D. 5H is separable; that is, there exists 
a denumerably infinite set of elements of Wh , fy, fo, 
-.. ,» Such that for every g in AWA and every positive 
« there exists an n=n(g,e) forwhich |f,-gl <e. 


POSTULATE E. 4H is complete; that is, if a sequence 
if} of elements of 4 satisfies the condition 


Ea | — 0, m, n —+oo 

then there exists an element f of 4 such that 

fof 4 —> 0, n—~> ©, 

In this statement of the postulates, certain notations and 
conventions were introduced. These are (a) -f = (-1)f, (b) 
f-g = f+ (-1)g, (c) a denotes the complex conjugate of a. 
We shall also use (d) af=a-f, (e) R(a) is the real part 
of the complex number a, J(a) is the imaginary part of a, 


(f) Jal is the absolute value of a. 
The properties B(1) - B(5) imply 


B(6) (f,ag) = a(f,g) 
BCL) (f,8,+8,) = (f,8, )+(f,8,) 
B(8) |laf| = Jal-Ifl 


We shall next prove that these imply 


B(9) I(f,e)I| ¢ Ifl-lgl, the equality sign holding 
if and only if f and g are linearly dependent. 


For if n, A and uw are real and ape + 0 then 


Af+exp(in)ug 


4s © for some choice of yn, A and wp if and only if f and 
g are linearly independent. Thus by B(4) and B(5) 
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(Af+exp(in)ug,Af+exp(in)ug) 2 0 


and equality can only occur when f and g are linearly depen- 
dent. 

Expanding by means of B(2), B(1), B(7) and B(6) and using, 
with B(3) the fact that for any complex a, a+a = 2R(a), we 
obtain 


a? f|°+2auR(exp(in)(f,g))+H-Ilgl® > o 


with equality possible only if f and g are linearly depen- 
dent. 

Now we can choose yn so that exptin)(f,g) =-|(f,g)|. Then 
the equation becomes in the linearly independent case 


if |*-eaul(f,8)l+u lel > 0. 
Now for linear independence, |g| + 0 and thus if we let 
A= lel, = Ge nea eall we get 


fi=- lel | (e.e)1 = Sede 


On the other hand if f and g are linearly dependent it is 
easily seen that the equality holds. 


B(10) |f+g] < If{+lgl, with equality possible only if f 
and g are linearly dependent. 


Proof : 


If+e!° = (f+e,feg) = [f|?soR(f,g)+lel® < 


If}*solfl-lel+lel? = (lel+lel)? 


§2 


A weaker restriction than B is the postulate: 

POSTULATE B'. There exists a real valued function |f| 
of elements of # with the properties B(4), B(5), B(8), 
Bio). 


The function |f| is called the norm. If a space satisfies 
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postulates A, B', and E it is usually referred to as a Banach 
space.* If Dis also satisfied, the space is called separable. 
Thus Hilbert space is a separable Banach space but there are, as 
we shall see, separable Banach spaces, which are not Hilbert 
spaces. 

The relation between Hilbert space and a separable Banach 
space is clearer if we consider 


B(11) |f+g/°+]f-g1° = 2(1£17+1e1%) 


This equation is an immediate consequence of the equation 
Ifsel> = If |°seR(f,g)+lel° 


Thus in Hilbert space, we have B' and B(11) and it can be shown 
that B' and B(11) are sufficient to insure that a separable 
Banach space is a Hilbert space.** 

The major purpose of this book is to give as simply as possi- 
ble certain results in the theory of Hilbert space and these 
specific results do not hold in general separable Banach space. 
However the Hilbert space theory can be more clearly understood 
if one appreciates the precise dependence of this theory upon 
certain specific properties of Hilbert space. For this reason, 
we shall endeavor to give the fundamentals of our subject, 
without restricting ourselves to Hilbert space, to the largest 
extent consistent with our purpose. 


§3 


If the linear space € has anorm |f|, then d(f,g) = |f-g| 
is a metric for the space, i.e., satisfies the conditions 


(1) d(f,g) > 0, d(f,g)=0 if andonly if f-=g. 
(11) d(f,g) = d(g,f). 
(141) d(f,g) ¢ d(f,h)+d(h,g). 


These conditions are consequences of B(4), B(5), B(8) and B(10). 


* These spaces have been investigated in a famous treatise 
"Theorie des Operations Lineaires." by S. Banach (Warsaw 
(1932)). 

** J. von Neumann and Jordan, Annals of Mathematics, vol.36 
(1935), pp. 719-724. 
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Thus we are invited to introduce the notion of continuity in 


such a space. 


DEFINITION 1. Let F(f) be a function defined on a 
subset of €. This subset is called the domain of F. 
Let fy be an element of the domain of F. Ie seeps) 
every «> 0, it is possible to find a 6 such that if 
f is in the domain of F and [f-f 5 < 6, then 
LECE-B(e) <6, we say that F is continuous at Ey? 
If F is continuous at every point of its domain, F 
is said to be continuous. 


If F assumes only complex numbers as its values, it is called 
a functional. Thus [|f| itself is a continuous f ictional. 


DEFINITION 2. A function F(f) will be cal’. 
additive if whenever f and g are in its doma: 
af+bg is also in the domain for any two complex wsbers 
a and b and F(af+bg) = aF(f)+bF(g). 


Notice that these definitions apply not only to functionals 
but even to functions, which assume values in any linear space. 


LEMMA 1. For an additive function F(f), and any 
fy in its domain, the following statements are equiva- 
lent. 

(a) F is continuous at fo: 

(b) F is continuous at @. 

(c) There exists a C such that |F(f)| € Cel 


for every f in the domain of F. 


We note firstly that if fy is in the domain of F, fo-fy = 
8 is also in the domain of F and F(@) = F(f))-F(f9) =a) 
(@' is the null element for the space of the values of ie) 

The element f is in the domain of F if and only if 


he= f-f, is in the domain. Also 


|f-£,1 = [hl = [h-6] 


and 
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[F(f)-F(f,)| = LEX E=D | = |F(h)-9'| = [F(h)-F(6@)|. 
These statements give precisely the equivalence of (a) and (b) 
by a substitution. 

We will show that (b) and (c) are equivalent. Suppose (b). 
Then if e¢ is taken as 1, the continuity at © implies that 
there is a 6 such that when |[h| <6, h in the domain of F, 
then, [F(h) |< 1: Now if f is any arbitrary element of the 
domain, af (= af+1-@) is in the domain for every a. Let 
a= 6/2-|f|. then h=af is such that [hl = |(6/2-/f[)-fl = 
6/2 <6. Hence 


1 > [F(h)] = laF(f)| = lallF(f)l = (6/2ifl): IF(f)| 


or |f|(2/6) > |F(f)|, and hence 2/6 is a constant for which 
(ce) holds. Thus (b) implies (c). 

Now let us suppose (c) and that an ¢€ > 0 has been given. 
Let 6 be such that Cé<e. Then if |[h-0| < 6, we have 
|F(h)-F(6)| = [F(h)] ¢ Clh] < C6é< €. Thus F is continuous 
at © and (c) implies (b). 


THEOREM I. An additive function F(f) is continuous 
at every point if it is continuous at one point. An 
additive function F(f) is continuous if and only if 
there exists a C such that for every f in its domain 
F, |F(f)| 4 CRE] 


A set S in % will be called additive if whenever f and 
g are init, af+bg is in it for every pair of complex numbers 
ah. Estefele ee A closed additive set, Mm, will be called a linear 
manifold. 

It is easily verified that the closure of an additive set is 
also additive and hence is a linear manifold. This depends on 
the fact that the limit of a linear combination in a Banach 
space is the linear combination of the limits.: Let LS en 3 £ 
and Ea —* Be Then since 


Jaf+bg-(af,+bg,)| = |a(f-f,,)+b(e-8,)I ¢< 
lore ot tie Seen oO 


we have that if f and g are in the closure of a linear set 
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af+bg is also. 


THEOREM II. The domain of an additive function 
F(f) is additive. If F(f) is also continuous, with 
values in a complete space, there exists a continuous 
additive function, [F] with the properties 

(a) The domain of [F] is the closure of the domain 
of i. 

(Oo) 2 Le fis Sine thewdomsinvor HERI (2 ) = BCE ye 
This) [Hy ts) undquer 


The first statement is obvious from the definitions. We will 
prove our statements concerning [F] by specifying its values 
Ubanio iwc, Ney Gb ae als) lay qian Glopiicintial Cone? 1, |S I(G8)) cS IMG, 
Let f be any point of the closure of the domain of F. BE 
oa is a sequence of elements of the domain of F, such that 
Pee f, then the TC, 's are also convergent since 


PG Ay a = BC Seria) < Chet — 0 as m and n—+c 
Since the values of F(f,,) are in a complete space, they must 
converge to an f*., Any two sequences ith} and ifn! with 


the same limit f must have lim P(r) =) dain F(fD) since 
otherwise the sequence of F(f) 's consisting of elements which 
are taken alternately from one and then the other sequence of 
F(f) 's would have no limit. Thus f* depends (opaullae (yal ait; 

We may take ([F](f) 1B, (No contradiction with the previous 
definition of [F] on the domain of F is possible, forif f 
is in the domain of F, we may take fn =f). Furthermore if 
[F] is continuous, this mst be the definition. Thus the con- 
ditions (a) and (b) determine ([F] precisely. 

To complete our proof it is only necessary to show that [F] 
is additive and continuous. The additivity is a consequence of 
the facts -given in the paragraph preceding the theorem, that the 
closure of an additive set is a linear manifold and that the 
limit of a linear combination is the linear combination of the 
limits. The continuity is shown by noting that if C is such 
that |F(f)| < CIf| for every f in the domain of F, then 
I(FI(f)|-< Clf| for every f in the closure of this domain. 
Such C 's exist by Theorem I and the same theorem shows that 
this implies continuity. 
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§4 


An additive functional which is defined for all f €€ and 
which is continuous, is called a linear functional. For a 
Banach space, € , the set of linear functionals, €*, is again 
a Banach space as one can see as follows. 

Firstly, we notice that the set of linear functionals satis- 
fies Postulate A if we define the sum of two linear functionals 
F+G by the equation 

(F+G)(f) = F(f)+G(g) 
and scalar multiplication by the equation 
(aF)(f) = aF(f). 

To prove Postulate B', we define |F| as the gr. 1. b. of 
the € 's forwhich |F(f)| ¢ Cif] for all f € €. |F| is 
readily seen to be the least such C. B(4) and B(5) are obvi- 
ous from this definition, B(8) and B(10) follow from the defini- 
tion of scalar multiplication and of addition given in the 
preceding paragraph. 

To prove Postulate E, we consider any sequence ipa of 
linear functionals, and such that [eer 0 as nand m 
Os It is readily seen that for each element f of €, 

[F(f)-F,(f)1 = (FF, (£)1 ¢ IF, FI -1f1 — © 
as n and m—+o and furthermore, this approach to zero is 
uniform on those f 's for which |f| = 1. Thus F(t) has 
a limit F(f) for every f inthe space. It is easily seen 
that F(f) is additive and that there is a C such that 
IF(f)| ¢ C-If] for every FEE. 

Now given e , take N so large that for n and m > N, 
[¥-F I <e¢. This means that we have 


IF (f)-F,(f)1 ¢ elf l. 
Let us fix m, and let n—>oo. We then obtain 
|F(f)-F,(£)1 ¢ elfl. 


Thus for. m > N, [FF | < «. This implies that F is such 
that ay, os F as m—*o and hence that €* is complete. 


THEOREM III. The set €* of linear functionals on 
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a Banach space € is again a Banach space.* 


Now one of the essential facts concerning Hilbert space is 
that h* is equivalent to h . The specific relation is given 
by the following theorems. 


THEOREM IV. If F is a linear functional defined on 
the Hilbert space 4, then there exists a g€hW such 
Ilan aoe enicnenyp ah <5 0p,  tal(id)) = (Gp feaihe 


Proof: If F= 0, we can let g= 86. Suppose then that 
|IF| > 0. If we are given a sequence of positive numbers lent 
with Saas 0, we can find a sequence ign} of elements such 
that 


F]-lg’l > IF(ai)1 > (-e,)IFI- lal 


and F(g'!) +0. If we mitiply g! by 1/IF(g!)| we obtain a 
sequence g, with F(g,) = 1 and 


Piste ret een el Bie ee ls 
Now consider 1e,+8n! We have 
Fl-lg,+e,! 2 [P(e +@,)! = 2 > IFl+(-e,)* le, l4lFlO-eg)* leq 


or 


lgeter le 2e(ire ele latte 7) lens 
Thus 
le-enl” = 2(1e,1*+le,17) lata < 
a( le l°+le,l°)-((1-e,)* 18h +( i-e 1B AI) 


* A proof of the fact that Postulate C for €& implies C for 
€* can readily be given if the Hahn-Banach Extension Theorem is 
shown (Cf. Banach loc. cit. pp. 27-29). This has the conse- 
quence that if F is additive and continuous on a linear subset 
G, its definition can be extended throughout the space without 
increasing the norm. A proof of this is not on the main line of 
our developement but if this is assumed, one would proceed as 
follows. 

Let f - » fy, be n linearly independent elements of 
and G the s set of linear combinations of these. It is easily 
seen that one can define n linearly independent linear func- 
tionals Fy, ... , F, on G. These can then be extended to the 
whole space by the extension theorem and this does not effect 
their linear independence. 
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Since fe, b= 1/|F| and €, — 0 we have le.-&n!° —> (0) 
as n and m— +o. Hence the &,'8 form a convergent 
sequence. Define g so that &,—> g- Then lel = 1/(|FI, 


F(g) = 1. Now if h is such that F(h) = 0, we have that 
1 = |F(g)| = |F(g+ah)! ¢ IFl+lg+ah] = [g+ahl/lel 
or for every A, 
lgl ¢ |g+h]. 
Squaring we must have 
lgl® ¢ lgtanl® = [gl®+oR(a(h,g))+1al®.[nl®. 


Now we can choose A _ so that eR(A(h,g)) = -2]Al|-|(h,g)|. Thus 
le|> ~ lg|°-on: | (hg) lan? th? for every n> 0. But this is 
Poss bleronlyeie (bse) = 20. ee thus if s(h) = 6, (hi, ¢)'==0r 

If h is arbitrary, h= F(h)gth' where F(h') = F(h-F(h)g)= 
F(h)-F(n)-F(g) = 0. Let g, = (1/lel*)g. Then 


(h,g,) = (F(h)gth',g,) = F(h)(g,8,)+(h', 85) = 
F(h)(1/lgl*)(g,g)+(1/lgl®)*(h',g) = F(h), 


using the fact that (hc) = 0 since —F(h!) =0. Thus Bo 
satisfies the condition of the theorem. 
The converse of Theorem IV is the following: 


THEOREM V. The equation (f,g) =F(f), f € H defines 
for each g, a linear function F with |F| = lg]. 


Proof : F is obviously additive. Also 


IF(f)| = I(f,g)1 ¢ Ifl-lel. 
This implies that F is continuous and [FI < lgl. Since 
however |F(g)! = Igl® = Igl-lgl, IFI > Igl, and thus we 


obtain the theorem. 
Theorem V tells us that (f,g) is continuous in each variable, 
separately. But since 


| (f+6f,g+6g)-(f,g)| = |(6f,g)+(f,6g)+(6f,6g) | 
£ l(6f,g) 1+ (f,6g) 1+] (6f,68) | 
£ lofl-lgl+ifl-lé6gl+iéfl-légl, 


it is easy to show that (f,g) 1s continuous in both variables. 
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§5 


The relation between linear functionals and the elements of 
AH has the following consequences. Consider a set S in any 
Banach space €. We can consider S+! the set of linear 
functionals F such that F(f) = 0 for every f in 5. ihe 
can be shown without difficulty that S+' is a linear manifold 
in ¢€*. (The additivity is obvious and the closure is shown, by 
recalling that if F is a limit of the sequence Fw F(g) —_ 
F(g) for every element in €). If E =, we have correspon- 
ding to S+', a-sét. +847. cin iy. forwhichesk € 52! and B(f)= 
(GP pP2)) Store Eu ae <a jp, alinodlyy fee SSG Thus ordinarily in a 
Banach space the orthogonal complement S+!' to a set S must be 
regarded in €*, but in h we may take S+ in the space itself. 

Now S+ as we have defined it above consists of all the g €h 
a itepo ieawkoiay  ((igpf=2)) = 0) silopo EW fee <5 9, MWatalf| ineye) al} sgeyvebiiky 
seen to be a linear manifold. In the case in which S is itself 
a linear manifold Mm , we have the essential theorem: 


THEOREM VI. Let MM be a linear manifold in A and let 
m* be as above. Then if f is an arbitrary element of h, 
f=f,+f,, where f, €m, f, €m*, and this resolution 
is unique. 


We first note that any such resolution f = fi+f, must be 
unique since if we have f = f,+f, and f= fi+fs, then g = 
f,-f\ = fi-f, is in both M and MM* and hence lel? = (g,g) = 
0 and g= @. 

Now if f is in Mm f+0=f is the desired resolution. We 
can suppose then that f is not in M. Consider P the set of 
elements f-g, where g€ Mm. Let r= er.1.b.[f-sl>-e¢ em. 
Now r+ 0, - since otherwise we will have a sequence By such 
that If-g.| —>o0 and Cad ive Since M is closed this 
would imply that f € M contrary to our hypothesis. 

We can therefore find a sequence hy ee the form f-g> Can € 
Mm and such that [h, | —> ir. Since o(h,+h,) = f-3(8+&_)> 
we have 


gibt! = loth)! 2 
or [h +h, Peer. 
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Then oy 8 Gln): 


In,-h!? = 2( 1h, |°+th!?)-Ihish il? ¢ 2( 1h, [+h 12 )-4r?. 
Since Ih, | —> r, we see that [Hosh| ——— (0) fy al feheYel pal 
OO senc GNUs aLOe h,'s converge to some element h with 


|jh| = r. The Bae f-h, also converge to a g€ M and thus 
h = f-g is a minimal element of P. 


Now if g' is any element of Mm, h+Ag' = f-(g-Ag') is in 
the set P. Thus 


lh] ¢ |h+ag'| 
for every value of A. As in the proof of Theorem IV, this 
implies (g',h) = 0. Since g' was any arbitrary element of 


Mm, h must be inm~.. Thus the resolution f = g+th is the 
desired one with g€ Mm, h €M~+.* 


COROLLARY 1. If mM, and Mm, are two linear mani- 
folds with mM, ec Mo» then pitt ce M,» f= f,+f, 
a 
where f, € mM, and f., e M,° My « 
We must show that in the resolution f = fi+f,, f, € Mm, 
a 
ee Mm » we have f,€ M,. Since f and f, are in M,, 
this is true. 


As a consequence of this, we have, 


COROLLARY 2. If mm, CM, but m,+m,, then m, C 
ec is pat i + ms 


THEOREM VII. If mm is a linear manifold, (m+)+=™. 


Proof: It is readily seen that Mmc(M+)+. We mist demon- 


* In some spaces other than 54, it is possible, given an F € €*, 
to finda g forwhich F(g) = |Fl-lg|. Furthermore inequali- 
ties similar to B(11) hold in these spaces (Cf. J. A. Clarkson, 
Trans. of the Amer. Math. Soc. Vol. 40, pp. 396-414, (1936)). 
These inequalities imply that the correspondence is not additive. 

Furthermore it is possible to show that in these spaces (not 
fi), there is not even a generalized equivalent of Theorem VI. 
For it can be shown that there exists linear manifolds %,, for 
which no linear manifold Mp, exists such that M°Mo = {0} and 
f= fy+fo, £, € %,, f5 € Mp forevery TEE. (Cf. F. J. 
Murray, Trans. of the Amér. Math. Soc. Vol. 41, pp. 138-152, 
(1937)). 
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crocs) (Cyl © 4) c Let f €(m+)+. We have f =f, +f,, 

f, €2M, f, € Mm Since, f= 4t-f aud. G.€.( =) jo. £2 6 
mc (m+)+, we have ss Bulto, 4% (91) Hence ae € 

(NA) M=)s =e} and "fe tse Thus f € (M+)+ implies 


f € M and this completes the proof. 


§6 


If S$ is an arbitrary set of elements, let U(S) denote the 
set of linear combinations of the elements of S, i.e., the set 
of a,f,+ cog taf fy cS TSC For this notion, the following 
properties are easily obtainable: u(S)+=S*. If 8S, CS,, 
u(s,) iE u(s,). AUS Oymasts So C u(s,), u(s,) C u(s, ). 

The closure of U(S), we denote by Mm(S). For this, again 
we have, m(S)*+ = u(S)+ = S*, and if =p) 1S m(S,), MS) C 
mM (S, Ne It follows from these and Theorem VII that MS) = 
(M(S)*)* = (S*)*. 

To develope these notions further, we prove the following 
lemma: 


LEMMA 1. If € is a separable metric space, and § 
is a non-empty subset of €, then there exists a finite 
or denumerably infinite subset 5, of S which is dense 
ala Sg 


Proof: Let f,, f,> wien DeRCenseeinu ec. We define for 
each a a set of elements ee in $8, which will be finite 
or denumerably infinite depending on a. Let ry = Sr. aloe 
If -sl, jen 22 (SI clef r= 0, we can chose a peyuenee San 
such that g ste te ibe he is not 0, we can rine a ges 
such that |f-g| < er. We let By,1 ‘be such a g and let 

x2’ 8q,3? :¢* » remain undefined. In this last case zlf,-8,) 
i P < If. Nas for every g€S. There is at most a denumerable 
number of the oe 

Now suppose a g€S and an ¢€>oO are given. Choose a 
so that |f,-gl <e/3. If r,= 0, we can find a By such 
that If.-B a1! <2¢/558 Lift r+ 0, we have that i cE os ,! 
<2) cae eG ee] 3s Thus a5 can find a S61 such ‘that 
IB-B yi <e. Thus the set {Sy .p! is dense, 

A set of elements S, will be said to be orthonormal if for 
$< 5, Io] = 1 andif » and p€S and +H, then (>,w)=0. 
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THEOREM VIII. An orthonormal set S in Sf can con- 
tain at most a denumerable set of elements. 


Let fi fs; »-. be a dense set in fh. For each » of 38 
we choose an w =a, such that lo-fy | <t. This correspon- 
dence g@ ~ a is one-to-one. For by our choice of a, to each 
@ there is only one @. Furthermore to each a, there is at 
most one g, since if @ and w€S are such that a = oes = 
a 

v then 
lo-yl = I(o-fy)-(y-fy) 1 < Hg-fyl+lp-fy <1. 
But if @+y, then 


lo-wl? = [o1°-eR((o,y))+lyl® = 2. 


This contradicts |p-w] < 1 so we must have 9 =y. 

Since the elements of 8S, are in a one-to-one correspondence 
with a subset of the positive integers, there is at most a denum- 
erable number of them. 

We can therefore enumerate the elements of an orthonormal set 
S, $4, Gor vee Then the orthonormal condition can be written 
($o59R) = Sep where Sa is the Kronecker symbol and equals 
zero if a+f and one for a=. 


THEOREM IX. Given any denumerable set S not all of 
whose elements are 9, we can find an orthonormal set 5, 
such that u(S, ) = U(S). 


Let By» Bor oes be the given set 5S. Let k, be the least 
integer such that B., +0. let 9, = (1/18, 1)&, Then 
lo] = 1. Let 8h = By (Bq). For a<k,, 8, = 0 and 
hence aS = @. 
ier Bice, (Bic, 24 )o, = Beg Wid aetna eet wl) 
= Bye (Bie, Bc, 1/1 Be, | Be, = 0. 
Also 


(B19d,) = (Byo ( Bye $y 9,99,) = 0 


since ($, +9, ) = fie 

Now suppose that we have by the repetition of this process, 
arrived at a definition of a sequence g\*), oa exe inal gS 
with the 


number ky and an orthonormal set $,, AO oF 
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following properties: 


(3) loos 
(1) eo <k, ede = © for ack, 


(2) (33) ,64) sO FO (i= ly evans on gule um esa reas uses 


Now if gf) = © for every a, we do not define $,,,, P > pel 
jeyblie, alae fed ‘S * ©, the method of the preceding Ee tea a 
applied to determine Ke41? a $o44 and a sequence {By I 
with Cer Magee 2) = 0 for every a. The sequence 
pelt") and Kee have property (1), above. 

Wer also havertor | =i), S))UaG b 


(3) _ 
($544 4) = Cre = 0. 


Thus 19 222 2 Pgyy is an orthonormal set. By our construc- 
tion, we already have property (1) for s+1 and we have proper- 
ty (2) in the case of i= s+i. py BEKO 


ae 64) = (Bu (ee Pa Paei7ese 


r (oy) ,45)- (85° 545.5) (eq 44793) ne 


since (a3) ,¢,) = 0 by the hypothesis of the deduction and 
($541 »4 ) = 0 as above. 

Thus the process either stops with some s with gis) = 6 
for every a or it continues indefinitely. In any case, we 
have defined an orthonormal set, >, » Gor see We note that 
each , 1s a linear combination of the g 's. 

Furthermore each g, is a linear combination of the 9's.for 
elther g,= 96 or there is a least s such that gs = 8. 

Then 


Sa= Bet ( Gas >, ), 
Bot (Gyr )On+( Bos, 4, 


@§S)4( (3-1 Nae )Pg-4+ arate +( Sas, ), ‘e 


Let 5, be the orthonormal set $, » wee y Pn» +++ + Each 
Be is then in us, ) hence S$ C u(s,) and hence urs) ¢€ u(s,). 
Similarly u(S,) Cu(S), since each $, is a linear combination 
of the B'S. 

This process of “orthonormalizing* the sequence &1> Bo» 
is usually referred to as the "Gram-Schmidt" process. 


THEOREM X. Given a set 5S, having elements other 


§6. 


than 6, 
in wis) such that 
Proof: By a previous 


dense in 5S. 
orthonormal set S, 
dense in ws). 
of w(S) or mS, ) = 
COROLLARY. 


S, such that MS, ) 


Proof: In Theorem X, 


LEMMA 2. Suppose 
orthonormal set. 


eee) 


exists if and only if 


ito a,e = 


Then w(S!) 
such that US, ) = 
Thus the closure of u(s, ) 
MSs). 


For every M, 


Then for a sequence of numbers 
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it is possible to find an orthonormal set 5, 


M(S,) = MS). 

lemma, there is a denumerable set §'! 
is dense in wU(S). 
USiy)s 


We can find an 
Thus us, ) is 
equals the closure 


there is an orthonormal set 


mM. 


we can let S= M. 


S= [¢,,,. ... } 18 an infinite 


By» 


Baty = a ie BoP 


en lal? <c. We also have 


=) 2 


when either limit exists. 


Proof: We note that 
ba % if 
n 
Thus if f= 2y18abe 


for m > n+l, 


- (Z gene Babe Ze =n+12p%,) 
=2 EG zt Rane 829 oy) 
ed: se Sant By An a, 
mE ees lagi 
TS es bait ag oC ae ue 


ae nencd of a a lee ee Rx 


partial sums yaabs 118y [2 
first equation we eae 


li Gn12 oe Siren re. 
LEMMA 3. 
normal set. For f€ 


Suppose G19 +e 


is equivalent to that of the 
Peeters putting n OF nour 


m ain 
om BoP al _ sr - oe=1 | Bod ed Bal: 


»%, Isa (finite) ortho- 


Hh, we define ay,=(f,$q). Then 
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20 
f- E 1 oboe is eae to by ions (A Wh Gao f ial, » gvalel 
[ele ee teste. 

Isaorexe IMHO (VES i oo A ile 
n 
(f-2 a=12o%ee %,) = (Ps) Fyn B gy Py2Fp) 
= (fo,)-a, = On 
Thus 
n 2 n en Th 
OF ae el eer Fyne atot t p=128%p) 
n n 
CEE B18 ggg PIE gat Bg( Oy F-E G18 gby) 
n 
TatiOe ceieatarG) (eal iw an(on so) 
ee aha —- _ 20 ol 2 
= |f| BE eres a at Vet En |B é 


This completes the proof of the lemma. 


COROLLARY. If $4> Gor vee is an infinite ortho- 
normal set and if for a given f € K, we define ee 
(f,9,), then pte exists and f-I%_,a.o, is 
orthogonal to g, for a= 1, 2, ... and |fl2 > 


5 4 
Lol lay 7 


Since |f|* > Le lente; we must have |f]* > yada fanlo. 
This implies that a exists by Lemma 2. Since 


=) _ erat 
‘a Lon 1 Fahy a cca © 1 Pq) 


Lemma 3 implies (f- Fe 1 8 abye $y) =POb Ora f= Tea eon 


THEOREM XI. If Mm is a closed linear manifold, we 
can find an orthonormal set S,> $,> $, 5 Sion | (asababigcysy 
or infinite) such that M(S, ) = MM. For every f €F 
when we define 8g = (f,6,), we have that Rae S 
ES lee and fy Ayby = f,,. exists and is in m. If 
we define f, as f-f,, then foe De andes er 4f, 
is the resolution of Theorem Vie fae = If, Peleg? 
rem ifendoly ir |r]? =r, Ja,l?. 


ed 


The first sentence is the corollary to Theorem x restated. 
The second sentence is a consequence of Lemma 3 and its corollary, 
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Since St =i, f, €3r+ also follows from Lenma 3 and its 
corollary. f= fi+f, is the resolution of Theorem VI since 
ae ae ae unique. Since f, and f, are orthogonal, 


eal be at 2 ! P+lf, ¥ al Lemma 2 (and its proof), we can show 
that = |? = 5, Aas Thus |f{° = Iq lagl® if and only if 
Ls, he or f=f,€ mM. 


If Theorem XI is applied to h as a closed linear manifold 
we obtain: 


THEOREM XII. There exists an orthonormal set Se, 
$12 G2 +e such that MS, yi To every ff ER 
we = find a Seauerse ars so ca gy 8 = (fo) with 


Fala = 271 18 bg and f= 218% $f f~ fa,, 
Bos eee ° cea Pe BEE ets Aco i faster 


In connection with the last sentence, we note that 
(f,g) = pa. By Poe a=1 pop) 
= lim ( 7 on 


ae oP? EanlPa%a) 
7 sas ma Eo Bol Poy rae bara) 


= cere ie i a (be r3-12p%p) 


n-?oo 
n TS 
sag r eFa = ye 8aP a 
n?o 
The correspondence f ~ {a,5 Boy see { has certain other 


obvious properties. For instance 
f+g ~ fa,+bd,, a+Dy, «-- } 
af ~ {aa,, 885, ..- | 
AswelOpalyee «1 
Gq ~ 15q,42 Sa,02 + |e 


An orthonormal set 8, such that MS, ) =H is called 
complete. 


CHAPTER III 
REALIZATIONS OF HILBERT SPACE 


§1 


In this chapter, we will. give certain examples of Fi. Our 
method of procedure will be to specify a set of elements, £5 
define + and a- so that Postulate A is satisfied, then 
define (f,g) so as to yield Postulate B. Postulate C will be 
in general almost trivial and it will then be necessary to estab- 
lish Postulates D and E. 

Thus we will deal with the sets 5%! which are known to satis- 
fy Postulates A and B. As we remarked in Chapter II §3, §' is 
a linear metric space. Thus we can apply to W', certain known 
theorems on metric spaces directly and this will in general sim- 
plify the proofs of seperability. Thus if 5, is dense in So» 
the closure of 5, is the closure of So: Furthermore, the no- 
tions U(S) and M(S) can be defined and we have the lemma. 


LEMMA 1. If %!' satisfies Postulates A and B and if 
S is a denumerable set in H', then MS) is separable. 


Proof. Since MS) is the closure Of SCS), Po Uae ts 
separable, MS) is separable.. But u(S) consists of elements 
in the form raped he Fa f, € 5S. Now let € > 0 be given. Let 
re be a number in the form P, +1, where P, and P, are ra- 
tional numbers and such that tee : layarel <eée/n. Then 

n n 
Pegeiegis Se rte is easily seen to be < €. Thus the set 
of elements Peele (which we will denote by un(s)) is 
dense in &(S). 

But u(S) has only a denumerable number of elements. For 
let us enumerate the elements of S; fi, fos «+s . We then see 
that the set of elements rifj+ G00 4E for n fixed must be 
denumerable since an n ‘tuple sequence can berearranged in a sin- 
gle sequence. Now w(S) is the set of all of these, 1.e., for 
every nm, and hence is a denumerable Sum of denumerable sets. 
Thus u(S) is denumerable. 

But U,(S) is dense in U(3) whose closure is MS) and 
thus M(S) must be separable. 


Ze 
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To show the infinite dimensionality i.e., Postulate C, the 
following lemma is useful. 


LEMMA 2. Let ' satisfy Postulates A and BR. Let 
Gir eee en be n non-zero elements of ', with 
the property that Pie Ga)o= 0; 0if 1 + J. Then 
,> +++ » >, are linearly independent 


For if a yPyt eee +89, 8, we have 0 = (8,9, ) = 
FE atorts) = ache Since ($,,¢,) + 0, we have a,=0. 
Thus a 1%;+ mie +80, = 6 implies ad nat 8) and the 


>, 's are linearly independent. 


§2 
DEFINITION 1. Let 1, denote the set of sequence 
of complex numbers {a,,8,, .-. } such that Ee le th doo: 
We define 
{8,,8,, ages J+{b,,b,;5 see | {a,+b,,a8,+b,, Set 
a{8,s855 coe ta {aa,,aa,, ail} 
i= 1O5O5 cad’ | 
(fa, 2855 . pale ror ae Pee etn. 


We note that Ja+b|® < 2({al°+|b] >) and thus if {a,,a8,, 


Stele eyes OC. {Dy ,D,5 --- | are in 1,, then fa, +b,,a,+b,, Ses, 
is also. {a8,,88,,5 ieee OD VLOls yer a. la 1, at 18,5855 

--- | is. Now it can be shown in precisely the same way as we 
we established B(9) in §1, Chapter II, that 

Ex aia epee ta tlh. 1) < (Foe |B (Geel onl 


Thus if I¢_,lagl© <a and £g_,|bgl° < oo, then the sum 
| Pate Se is absolutely convergent and thus the inner product 
is defined for every pair of elements of 1,-* 


* If we consider 1 p> 1, the set of sequences for which 

ani tale oy th é operation + and a+ will be also wmiver- 
gat ly applicable. But to form an inner re we would take 
{@y,8>, --- | in lp and {[bj,bo, ... where 
1/p+i7/p' = 1. (Cf. 5S. Banach. loc. cit. es rae a This corres- 
ponds to the fact that p = lp 1 for these spaces. (Cf. Chapter 
II, §4 above) However th completeness, separability and infin- 
ite dimensionality of lp can be demonstrated in a manner quite 
analogous to the corresponding proofs for lo. 


2h §2. Ilo 
THEOREM I. 1, is a Hilbert space. 


Proof. From the previous definitions, it is readily seen 
that Postulates A and B are satisfied. 

To show Postulate C we notice that 5, the sequence of 
elements 9$,, $,, -..- where $, = 16, os yor nee } is a de- 
numerable orthonormal set. Thus given Be mie take the first n 
of the $, 's, and Lemma 2 of the preceding section tells us 
that these are linearly independent. 

To show Postulate D, we note that Us, ) is the set of se- 
quences {81,855 --. | for which there is an N_ such that if 
n2N, a, = 0. Now U(S,) is dense in 1, since if f ~ {a,, 
Gaps | | BOG e > 0 is given, we can choose an N so that if 
pans eriae ls S jel?-e*. Now if f, is the sequence fa,, 
see 5 Gye Oy wee { then f,, € U(s,) and Ba en) <Se. fhus 
Ih, MS, ) and Lemma 1 now implies the separability postulate. 

To show the completeness, we must consider a sequence of 
elements at such that eal —- 0. We must show the ex- 
istence of a sequence g = Ib, sD, +s. } such that epee lee 
co and ies —- 0. 

Now if i= fay 1 28n,o7 --. | we define i n,p = ee (ne 12 e883 
Ay pp? -.}. Then for » > 0. there is an N= N(n) such that 
if nm and m> N, ‘then 


2 os Po Se fi 2 
"iy, Ity li. Fat |B oe Bn, or! 
Pp 2 
2 © o=1!On 078m ol = It p tm,p (a!) 
or 


for every p. Thus ee wel tix 7p, a eae | —> 0, 
ee n,p as sp! —> 0 and the sequence ee p must be convergent. 
This means that for q 0p; CW eens Bae We remark that since 
Pp can be taken indefinitely large that b is defined for every 
qa. Let a= {b,, 260 HOLA aoa te Obyiousins fo _—> 
p yD Dae 
Furthermore for WN = N(n), we have that fy sp —_ fy as 


SS 5 I = 2 = [2 
Dp co or fy fy pl = a ny a - Thus given yn > 0, 
we can finda P(n) such that if p » hs 


lfyty pl <n (fp) 
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Now let n and m be > N(n), y-> P(n).° Then by (a), 
(f), and («) again, we have 


If.-fn,p! = If, -fytfy fy ptt, p fm, p! 
Selfgety! + lyr Syl +! fy ofa a! (y) 
SN 


If we let m—>o, then fn p —> By and we obtain that for 
3 
n> N(n), p> Pn); 
If,-@yl < 3n- (y.1) 
If in particular we let n=N, we have Ify- 8! < 3y for 


every p> P(n). This implies le! ¢ Ifyl+3n for p DEP(m). 
Thus 


Pe ib oie leon) 
We may let p— > o and obtain 
2 2 
Ey ible tit, |53n) 5 < c. 


Thus we may let g= {b,, Dos oe eA 
We observe that 25 ee This and (y.1) imply 
ele Ges (y.2) 
for n> N(n). This implies that f,—+g. The existence of 
a g with this property indicates the completeness of 1, and 


we have demonstrated Theorem I. 
When we recall Theorem XII of Chapter I, we obtain, 


THEOREM II. Every Hilbert space is equivalent to ly; 
in the sense that to every f of 4, there is an element 
fa} of 1,; fw la} and this correspondence is one- 
to-one, and preserves the operations +, 4- , ® and 


(f,g). 


A set of postulates is said to be categorical if for any two 
realizations, there exists a one-to-one correspondence which 
preserves the relations of the postulates. Since any two reali- 
zations are in such a relations with 1; they must be related 
in this way to each other. Thus the axioms of Hilbert space are 
categorical. 

Now if a linear manifold, M® is infinite dimensional, 1l.e., 
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satisfies postulate C, it satisfies all the postulates, with the 
original definitions of +, a ; Guvands Chae oUsEWwe 
obtain: 


COROLLARY. Every infinite dimensional manifold in a 
Hilbert space is equivalent to the space iitselt.. ~It-is 
also equivalent to 1, 
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DEFINITION 1. Let n= 2, 3, ... be a given integer 
and let us suppose that we have n Hilbert spaces, Wh 
bint, aaa bee Now consider the n ‘tuples of elements 


1? 


n 
if,, eiets »f,} with fy € Ry nen” 2b 3 We coo field 
Define 
if), owe fi }+le,> ate 8,3 = [f, +8, 5 wane f +83 
alf,, ares so = jaf,, aes af, } 


GO = 10.5) ste aC } 
(if,, eee ft {e,> eee 28,3) = (f,58,)+ coe +(f,,8,) 
We call this set of n 'tuples, n,e ona © AHn:* 


THEOREM III. H,e@ Bien a is a Hilbert space. 
The proof of this theorem is most elementary. 


DEFINITION ©. Let Ay» Ros »-. be a sequence of 
Hilbert spaces. We consider the sequences if,,f,, rere | 
such that f,€H, and I If ,l°< oo. We define 


if,,f,, er ene +18, 58, aaa } = [f,+8,.f,+8,, S554 } 
alte fo, a+ em lef, ee sae | 
@ = 101). 0 ea) 
({f,,f,, Cay 1518, 2Bos Oey 1) = (f, 58, )+(£,,8,)+ eco e 


* If W,, .-. , By are Banach and not Hilbert s 
paces, we can 
make similar definitions of the sum and scalar multiplications 


of n ‘tuples. For the norm, it is howeve & 
venient to use the definition Be SOG Aine enone con 


[ifs 2 of yh] = (it, IPs oo ale [Py/, 
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The proof that the operations +, a-., and(, ) are univer- 
sally defined is quite analogous to the discussion given in §2 
for 1, We proceed to the theorem: 


THEOREM IV. Bie Ae -.. is a Hilbert space. 
A proof of this theorem quite analogous to the proof of 


Theorem I of this chapter is possible. Another proof can be 
obtained if one considers for each a, a complete orthonormal 


set Ioy nf for 3,. Thus if we have a sequence {f,,f,, ... } 
with ped cote < @, we can find for each f, a sequence 
By 1280, 07 ee. of numbers with 83 = (fy 2%q a) such that 


ee ro) 2 2 
If, I> = tS-1 lag [oe Then Ta-1 |e, ¢! < co. Now it 
can easily be shown that any method of corresponding a double 

sequence to a single sequence, determines an equivalence between 


R,@ 4° ainiaee 2G i 
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DEFINITION. Let E be a measurable set of finite non- 
zero measure in an n dimensional space. Let £, consist 
of the Lebesgue measurable functions f(P) defined on E 
and such that J,|f(P)|°dP < oo. However two functions 
are to be regarded as identical if they differ only on a 
set of measure zero. Sum and a* are defined in the usual 
way for functions, © is the function which is zero. 
(except possibly on a set of measure zero). Finally 


(f,8) =Sgf(P)e(P)aP. 


If n and E are not specified, it will be understood 
that n=1 and E is the set of x such that 0¢ x <1. 


The operation a- is obviously universally defined in {,- 
Since |asb|* g 2(|al°+]b] 7) for a and b complex is is 
readily seen that + is also uiversally defined. To obtain 
the corresponding result for ( , ), we introduce the notion 
£,(P) for positive A's. f,(P) moat Sf et lr) oA; £,(P) = 
f(P) if -A¢ f(P) ¢ A and f,(P) = -A if f(P) <-A. For 
f, and Ea» we obtain without difficulty as in the proof of 
B(9) in §1, Chapter I that 
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= 2 
Spltql:leqldP)? ¢ (fglt,l°aP)/glegl 4P) 
Cale) cP mlelaar). 


Due to a well known theorem on a monotonically increasing se- 
quence of positive measurable functions, this implies 


= 2 2 
(falitl-lelaP) < (fplfl*ar)(fglel@aP). 
Hence f(P)-g(P) is a sumable function of P and thus (, ) 
is universally defined. 


THEOREM V. £, is a Hilbert space. 

It is possible to show Postulates A and B without difficulty. 

To show Postulate C we observe that since E is of finite 
non-zero measure it is possible to find n mutually exclusive 
measurable sets, E,; S60 Ek, included in E and each of non- 
zero measure. Let x4 (P) be the characteristic function for 
Ey; i.e., the function which assumes the valus 1 on Ey and 
0 elsewhere. Then Xjo ses » X, are a set of mutually orthog- 
onal non-zero functions to which Lemma 2 of §1 may be applied. 
Thus Postulate C is satisfied. 

The proof of Postulate D depends on Lenma 1 of §1. Let S, 
denote the set of characteristic functions of the measurable sets 
WP © iq Since every function of £, can be approximated by 
step functions, it follows that M(S,) = £,- Let S, denote 
the subset of these, in which the F is an intersection of an 
open set G with E. It is well known that S5 is dense in 
S,- Thus M(S,) = M(S, ) = £,. Let 55 denote the subset 
of So» in which G is the interior of an n -dimensional cube 
whose faces have the equation X= Py, where Py is a rational 
number. Now any open set is a denumerable sum of such n -dimen- 
sional cubes regarded however as closed point sets, but whose 
interiors are mutually exclusive. The faces of the cubes in 
such a sum form a set of measure zero and thus it is possible to 
show that M(S;) contains 3, and thus M(S;) = MS,) = £,. 
Lemma 1 of §1 of this chapter now implies Postulate D since 3 
is denumerable, 

It remains to prove Postulate E for %- Let fi, fo eee 
be a sequence of elements such that atl —_ as n and 


2) 
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m— > o. Let Eps Ens cee be a sequence of positive numbers 
such that ad €,<@ and ey > 0. We take an increasing 

sequence of positive integers Nys Toy vee 5 such that if n 
and m are >n,, [toate ee It follows that as -f 
< && Thus +1 a 


ise WG So 
a 


Reeds €4< co. 


We let k= ae emis 
Let + 1 a 
n 
mF) eee Raat ye taal, le 
We have seen that 
— n _— 
fer(PaP = = anVulty _(P) fi, (P)laP 


< EB (me))'/? 12, +a ¢ m(B)'/? ote 
+1 a 


Thus the h,(P) are a monotomically increasing sequence of posi- 
tive functions whose integrals are bounded. It follows that for 
almost every P, h,(P) —* h(P) < o. 

We will next show that h(P) is in £y+ For consider h,(P) 
(Cf. above). Obviously hy al?) —_ h,(P) for almost every P, 
Since these functions are uniformly bounded, we have that 


1°(P)dP = lim f-h® ,(P)aP 
Saal?) Lim fab, al?) 

im 2(P)aP = lim < 
¢ Lim Jape (P)aP = Lim |b, 


¢ Lim we phen wer tig! ea 


Since this holds for every a we have again an increasing se- 
quence of positive functions ny (P) whose integral is bounded. 
Thus for the limit we have Se h@(P)dP <¢ kod co, 

From the existence of h(P), we can conclude that the series 
a (P)+(f,,,(P)-f, (P))4(f, (P)=- =i CPD) eer. is absolutely conver- 
gent for almost every P. “Call the sum a(P). Since |g(P)| ¢ 
ie (P)|4h(P) for almost every P, it is easily seen that g(P) 
is £,. 

It is readily seen that for almost every P 


FG eyo) ketal aad 6 Ser eas 
a 


-) = 2 2 
£ (2 Baltn, (P)-fng( PIN? $2), 
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also f. (P) —>g(P). Thus by the majorant theorem of Lebes- 


gue eles (P)-g(P)|°aP —>- 0. Thus ey ar (ede 

Suppose now that ¢€> oO is given. From the above we can 
find an @ such that if A>ea, |e-f.| < ¢/2. We can find 
an N=N(e/2) such that if n and m2QN, (f,-f, I < €/2. 
let P(e) = max (N(e/2),n,). If n> P(e) and Np > P(e) we 
have If-sl = Ita atfn rel SG fn fn gltlfng 8 Geo Ehus 
ee —= g ef, and the completeness is shown. 

If E is a measurable set of infinite measure, we can com- 
bine Theorem IV of §3 and Theorem V to get the result: 


COROLLARY. The restriction that E be of finite 
measure in Theorem V may be omitted and the result will 


still be valid. 


CHAPTER IV 


ADDITIVE AND CLOSED TRANSFORMATIONS 


$1 


The purpose of this section is to introduce a number of 
notions. 


DEFINITION 1. A transformation T from A, to 4 
is a single-valued function of the elements of A> 
which assumes values Tf in Ap: The set of f 's 
for which Tf is defined is called the domain of T, 
the set of Tf 's is called the range. The set {& of 
peles! {257s 9 in H,e A, (Cf. Chapter III, §3, 
Theorem III) is called the graph of T. abe AVA ales) 
a transformation from H, to A, > its graph is the 
set of pairs {T'g,g}. 


2 


LEMMA 1. A set S in A,@ K, is the graph of a 
transformation from A, to Ay (from A, to AL), 
if fora given f €n, (g € Kp) there is at most one 
pair of S having f (g) as its first (second) 
element. 


T is obviously the transformation for which Tf is undefined 
if there is no pair of S with f as its first element and for 
Which Ti = rp ette [ry etae 6. 


DEFINITION 2. Let T be a transformation from A, 
to f, and let Z bethe graphof T. Nowif TI is 
also the graph of a transformation from A, to Ais 
this second transformation T' is called the inverse 
Cong) MULE 


The inverse of T when it exists, has for its domain and 
range, the range and domain of T. Also if f is in the domain 
of T, T (Tf) =f and for g inthe range of T, T(T'g) =g. 
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DEFINITION 43. If T, and T, are two transformations 


from a, to Ry such that I, Corda then T, is called 
a contraction of T, and T, an extension of T,- We 


write this symbolically T, G T,- 


LEMMA 2. T, is an extension of T, if and only if 
for every f in the domain of T, Tf is defined and 


Tf = T,f. 


LEMMA 43. A transformation T is additive. (Cf. 
Chapter II, §3, Definition 2.) if and only if its graph 
T is an additive set. 


LEMMA 4. An additive set IC He Ae is the graph 
of a transformation from dn, to YH, if and only if 
18, ,h] CU inp le see 8,+ 

By Lemma 1, the condition is necessary. It is also sufficient. 
For suppose fg, } and if,g,} are in Tf. Then since Tf is 
additive, if,g, }-{f,8,} = 18,,8,-8,} € I. Our condition implies 
8, = 8 and thus there is at most one pair {f,g} €I with f 
in the first place. 


DEFINITION +. Let T be a transformation with graph 
Bho If u(t) is the graph of a transformation, Ty? 
this latter transformation is called the additive exten- 
silon ofl. 


DEFINITION 5. A transformation T from Hh, to es 
will be said to be closed, if its graph is a closed set in 


A,® Hos If [I] is the graph of a transformation Ele 
([T] is called the closure of T. 


We note that Mm(I) is the graph of hey when this latter 
transformation exists. In general, given T, T will not exist. 
(A necessary and sufficient condition that T, exist can be 
obtained by applying Lemma } to u(Z)). However a@ven if T 
exists, Reka need not exist. We give an example of this. 

Let $,5 45» ++. be an orthonormal set. We define T¢$,= $,- 
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Then it is easily seen that T, exists. For if Ber Aaxttas = 0, 
then a, = 0 and hence re ee = 0, WNombyS| ale RSP SOP al 
ut), h-= 6. Furthermore T,( ee = ( Lm tee ltr: But 
[T,] does not exist since {6,>,} 41s in [u(q)]. To see this 
we notice that T,(£o_,(1/n)d,) =, and thus | Eyer (1 /n)o 
$,) isin WT). Now OB (i/n)et = (1/n)'/*-+0 as 
n— oo, Hence { £51 (1/n)o 6, | a 185, }. Thus 185, | 
is in [uU(T)] and the latter is not the graph of a transforma- 
tion. 

However Theorem II of Chapter II, §3, tells us that if av is 
a continuous transformation (T,] exists and has domain, the 
closure of the domain of T a’ Thus if a continuous additive 
T has domain, a linear manifold, T is closed, 


DEFINITION 6. If T, is a transformation from Kn, 
to A, and T, is a transformation from A, 150) Ki 
then TT, is the transformation whose domain consist 
of those f 's for which TA(T,f) is defined and has 
the value TA(T,f); i.e., (TA, f= T, (Tf). 


Since a continuous function of a continuous function is 
continuous, it follows that if T, and T, are continuous, TAT, 
is also continuous. If in addition T, and T, are additive 
with bounds C, and C, (Cf. Chapter II, §3, Theorem I.), then 
TT, has bound C,C,. 


DEFINITION 7. If T, and T, are two transformations 
from A, to Aes T,+T, 1s the transformation, the 
domain of which is the set of those elements for which 
T,f and Tf are defined and for which (T,+T,)f = 
T,f+T,f. aT, is the transformation, whose domain is 
that of T, and for which (aT, i = a(T,f). 


The sum of two continuous transformations is again continuous 
and if in particular T, and T, are additive with bounds C, 
and C,, then the bound of the sumis ¢ C,+C, 
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THEOREM I. If T is a transformation from Vn, to 
Ay» with graph I and domain D then {+ is the 
graph of a transformation from Ae to ay, if and only 
if M(D) = b,. 


Proof: I+ is the graph of a transformation from A, to Ry» 
if and only if fh, 8,5] € T+ implies h= 6,. But {h,@,] € J: 
is equivalent to 


0= (fh, ,0,}, {f,Tf} ) = (h,f) 


for every f in the domain of Tf. {h,0,] € T+ is equivalent 
to hep, Thus {+ is the graph of a transformation if and 
only if h€D* implies h = 8,- 

But h€D* implies h = 8,5 if and only if Di= {6,}. 
Thus Z+ is the graph of a transformation if and only if 
Di= 10, }. Buty D4 8, is equivalent to (D+): = {0,}+ =, 
by Theorem VII of Chapter II, §5. But since (D+)*+ = (M(D)t)p= 
M(D), we see that Ds = [8,} is equivalent to M(D) = hi. 
From a preceding statement we see that I+ is the graph of a 
transformation if and only if M(D) = VR. 

If in particular T is additive, D is additive and u(D) = 
DeeeThus | M(D) = [A(D)l— [Dj tandithe statement M(D) =H, 
is equivalent to D is dense. We have then: 


COROLLARY. If T in Theorem I is also additive, then 
T+ is the graph of a transformation, if and only if D 
is dense. 


DEFINITION 1. If 7 ig a transformation from , to 
Ho and if T+ is the graph of a transformation from A, 
to A, » Wwe.will denote the latter transformation by T# 
and -T* py T*,t 


THEOREM II. Let 1 be such that 7 exists. Then 
(a) A pair 18,585} € hye Ay is such that Tg, a eee 


ee 
yy dae SIR A transformation between two Banach 

&, T* can be regarded as a transf oe Tene Pegi: 
(the conjugate spaces). Tehama 8S Pee AG 
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and only if for every f in the domain of T, 
(f,g, )+(Tf,g,) =tThOly 


(b) A pair {18,2851 € H,e Ko is such that T*g,, =e, 
if and only if for every f in the domain of T, 


(Pe = (se. ). 


Since T* = -T*, (a) and (b) are equivalent. Inasmuch as 
(if, Tf}, {g,,8,}) = (f,g, )+(Tf,g,), 
the condition in (a) is equivalent to {8,8} ae Sec 


COROLLARY. Let T be such that T+ exists. Then 
(a) Atransformation T' is CT if and only if for 
every f in the domain of T andevery g in the 
domain of T' 


(f,T'g)+(Tf,g) = 0. 


(ob) A transformation T' is C%*, if and only if 
for every f in the domain of T and every g in the 
domain of T', 


(f,T'g) = (Tf,g). 


THEOREM IIT. Let T be a transformation from A, 
to B, for which T+ exists, i.e., M(D) =H. Then 
(T,] exists if and only if T* (or T*) has domain 
dense. 


By Definitions 4 and 5, we see that [T,] exists if and only 
if Mm(I) is the graph of a transformation. But M(T) = (T+)+. 
(Cf. Chapter II, §6). Furthermore since T+ is a linear mani- 
fold, T+ is additive. Thus the corollary to Theorem I of this 
section states that “Domain of T* dense” is equivalent to 
"(J4)4 is the graph of the transformation." Since (1)! = 
Mm(I), the first sentence in this paragraph shows that this 
latter statement is equivalent to " [tel exists." 


COROLLARY 1. (T,] exists if and only if (T+)* (= (T*)*) 
exists. When they exist [T,] = (T4)s (= (1*)*). 
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COROLLARY 2. If T is a closed additive transforma- 
tion with domain dense, (T)+ (= (T*)*) exists and 


equals T. 


Thus a closed additive transformation with a dense domain is 
symmetrically related to its perpendicular and to its adjoint. 
We will abbreviate “closed additive with a dense domain" to 
"G5 Gio GloGl, 

We call a continuous additive transformation whose domain is 
the full space a “linear” transformation. As we remarked before 
Definition 6, in §1, a linear transformation is closed. 


THEOREM IV. If T is a continuous additive transfor- 
mation, whose domain is dense and with bound C, (Cf. 
Chapter II, §3, Theorem I), then T* (and T*) is a linear 
transformation with the same bound as T. 


PROOF: [T] exists by Theorem II of Chapter II,§3. Since 
[T]+ = T+, we may suppose that T= [T] and has domain the full 
space. By Theorem III of this section, T* has domain dense. 
It is also c.a. since TI* is linear manifold. Thus Theorem II 
of Chapter II, §3, implies that T* is linear if it is contin- 
uous. 

By Theorem I of Chapter II, §3, we have for Gita 82 [hie] < 
Clf| (we have assumed that [T] =T1). Hence for every f and 
& i(Tf,g)| < |Tfl*lel ¢ c#if[-lel. Ih g& is im the domain 
of T*, we have by (a) of Theorem II of this section that 


(Tp sf )+(e,TL) = 00. 
Hence 
I(T*g,f)| = |(g,TF)| < C-lf|-[gl. 
if weclet, f= Tg. we get “(Dg (=< i0ulmtglaleluewitensimiies 
IT+g] < C-lg]. Theorem I of Chapter II implies that T+ is 


continuous, with a bound (C! See Since however (T*)4 = 7, 
we also have C < C+ and thus the bounds must be equal. 


THEOREM V. If T, and T, are additive transformations 
with dense domains, then if ND he exists (or (Tiel oe ys 
we have that aris is a contraction of (Tt (Te+Tx is 
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a contraction of (Tati). (aT, )* =ale if a+ 0. 
Ee T, and T, are linear, we have that Tt as = (TAT )*s 
(Similarly T#+Tx = (T,+T,)*). 


PROOF: If f is in the domain of Tr, and g in the do- 
main of THTx, (b) of Theorem II of this section implies 


(TT, f,g) 3 (T, f,Txe) a (f,T¥Txe). 


Now (b) of the Corollary of Theorem II of this section implies 
THTs EC (P20, )*. In the case of T,+T, the argument is similar. 
To show that (aT, )* = aly, we note that if azo (T,f,g,) = 
(f,g,) is equivalent to (aT, f,g,) = (f,ag,). 
LE T, and T, are linear TY and Ts are also by Theorem 
IV above. Thus THTS is everywhere defined and has no proper 
extensions and we must have T¥Tx = (TT, )*- This argument 
also applies to the sum. 


COROLLARY. If T, is c.a.d.d. and T, is linear, then 
Lf,., )* = THTS. 


PROOF: We know that (TT, )* 3) THTs. On the other hand let 
f be in the domain of (TT, )* and let g be in the domain 
of T, and hence in that of TAT, Then 


apt, ery (etre, t) = (0 2, Tar). 


Since this holds for every g in the domain of T,> we have 
that Te (TEP) exists and equals (TT, )*f. This implies that 
THT ») (T,T, )*. 


LEMMA 1. Let T be c.a.d.d. Let ®* be the set of 
f 's for which T*f = 0. Let R denote the range of T. 
Then R+=N*, 


Since T* is c.a., Jti* is closed. Since 
({6,,8},{f,Tf}) ‘oe! Coniin) 


we see that {@,g} is in T+ if and only if g€R*. Thus 
R+ is the set of zeros of T* = -T*, 

It is evident geometrically that if T is c.a.d.d. and iu 
and Tx! , 


1 
exist, then (T!')* = T* |, Lemma 4 of §1 and the 
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preceding Lemma shows that T* | exists if and only if [R] =f 
and that TT”! exists if and only if [R*] =f. 


THEOREM VI. Let ® denote the zeros of T, R* denote 
the zeros of T*, R the range of T, ®* the range of T*, 
WMaveye ee Ue 5 Oe (bee pr! exists if and only if M* = 
(R¥)4 = fe}. T*' exists if and only if M* = (R)* = {oO}. 
tf T' and T*' poth exist, (Tt ')* = Tx! 


§3 


We now introduce certain notions which are fundamental in 
our discussion. 


DEFINITION 1. An additive transformation H within K, 
will be called symmetric if (a) the domain of H is 
dense and (b) for every f and g in the domain of Tle 


(Hf, g) = (i, Hey. 


From §2, Theorem I, we see that H* exists. By (b) of the 
corollary to Theorem II of §2, we see that H C H*. Thus we 
obtain the following Lemma. 


LEMMA 1. An additive transformaion H is symmetric, if 
(a) it has domain dense and,(b) HG Ay 


LEMMA 2. If H is symmetric, [H] exists and is 
symmetric. 


PROOF: H* is a closed transformation. Since HC H*, we 
must have the graph of H in a closed set which is the graph 
of a transformation. ‘Thus Lemma 1 of §1 of this Chapter, shows 
that the closure of the graph of H must be the graph of a 
transformation. Thus [H] exists. From the graphs, it follows 
that [H]* = H* and hence [H]* = H*, 


Lemma 2 permits us in general to consider o 


nly closed symme- 
tric transformations, 


DEFINITION 2, If H* = H, H is called self-adjoint. 


§3. SYMMETRIC AND SELF-ADJOINT OPERATORS 5M) 


LEMMA 3. A self-adjoint transformation is symmetric. 
If H is closed symmetric and H* is symmetric, then 
H is self-adjoint. If the domain of a symmetric trans- 
formation H is the full space, H is self-adjoint. A 
symmetric linear transformation is self-adjoint. 


The first sentence is a consequence of Lemma 1. If H is 
closed symmetric and H* is symmetric, we obtain by Lenma 1 
and Corollary 2 of Theorem III of the preceding section that 
H C H* C (H*)* = H. The third statement follows from Lemma 1 
of this section since a transformation with domain the full 
space can have no proper extension. The fourth statement 
follows from the third. 


LEMMA 4, If H, and H, are symmetric and the domain 
of H,+H, is dense, the latter transformation is symmetric. 
If a is real, aH, is symmetric and if H, is self- 
adjoint, a real, then aH, is self-adjoint. 


This is a consequence of Theorem V of the preceding section. 
For if the domain of H, +H, is dense, (H, +H, )* exists. Then 
too, H, +H, '& HY +H¥ C (H, +H, )* by this theorem. The second 
sentence is an immediate consequence. 


LEMMA 5. If H, is self-adjoint and Hy linear sym- 
metric (and hence self-adjoint by Lemma 3 above) then 
H,+H, is self-adjoint. 


PROOF. The domain of H, +H, is the same as that of H, 
and thus is dense. Hence Lemma 4, tells us that H, +H, slfe| 
symmetric and that -H, is self-adjoint. Furthermore 
(H, +H, )+(-H, ) has domain the domain of H,. Hence H, 
(H, +H, )+(-H,) € (H, +H, )*+(-H,)* ce ((H, +H, )+(-H,))* = Ht H,. 
This implies that the domain of (H, +H, )* which is the same 
as that of (H, +H, )*+(-H, )* is included in the domain of H, 
which is also the domain of H, +H,. Since H,+H, is symmetric, 
H, +H, G (H, +H, )*. Since the domain of (H, +H, )* 1s included 
in that of H, +H,, we must have (H, +H, )* = H, +H,. 


ll 


ll 
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LEMMA 6. If H is symmetric, and if a exists, 
uw! 4s symmetric if H* ' exists, i.e., if ([R] = 


This 1s a consequence of Theorem VI of the preceding section. 
We note that if H* ' exists, since H C H*, we must have 


Hee Hea 


LEMMA 7. If H is self-adjoint and H | exists, then 


H' 4s self-adjoint. 


This is a consequence of the last sentence of Theorem VI of 
the preceding section. 

Another consequence of Theorem VI of the preceding section 
and HC H* is Lenma 8. 


LEMMA 8. If H is closed symmetric, then MC M* = R?+. 


Suppose H, and H, are closed symmetric and H, C H,- 
Then we have H, C H, C Hx G Hy. Now if H, is self-adjoint 
since Me Hy, we see that H, must equal H, and H, has 
no proper symmetric extension. On the other hand, it is also 
conceivable that H, is symmetric with graph R, and RR: 
is one dimensional. If H, is then a symmetric closed exten- 
sion of H, ; we have H, C H, e Hy. This last inclusion and 
Chapter II §5, Corollary1to Theorem VI imply that either 
H, = H, or Hy = H¥. But Ht is not symmetric because 
(elke Hy is ¢ HY, but H, 4 H¥. Under these circumstances 
then H, would oe no oe ee extension and yet not 
be Pelee aascine. We shall show later the existence of an H, 
having these properties and give a complete discussion of this 


phenomena. But for the present, we simply introduce the defini- 
tions. 


DEFINITION 3. If H, and Hy are closed symmetric 
transformations such that H, g i, then H, is called 
a& symmetric extension of H, If - etre H, # Hy; 
H, is called a proper ean extension of x, If 
H, is closed symmetric and has no proper eee ex- 
tensions, H, is called maximal symmetric. 


§3. SYMMETRIC AND SELF-ADJOINT OPERATORS KY 


LEMMA 9. A self-adjoint transformation is maximal 
summetric. 


If H is symmetric and f is in the domain of H, then 
(Hf,f) = (f,Hf) = (Hf,f). Thus (Hf,f) is real and we may make 
the following definitions. 


DEFINITION 4. Suppose H is symmetric. If there is 
a real number C_ such that for every f (+ 6) in the 
domain of H, C(f,f) < (Hf,f), we let C_ be the least 
upper bound of such C€ 's. Obviously C_ is sucha C. 
If no C exists, let C_=-co. If there 1s a real nun- 
ber C such that (Hf,f) ¢ C(f,f) for every f (+ 0) 
in the domain of H, we let oe be the greatest lower 
bound of such C's. Otherwise we write C, = oo. 

If C_>0, we say that H is definite. 


LEMMA 10. If C = max (1C,1,1C_1), is <oo then 
H is bounded with bound C. 


We notice that for every f in the domain of H, 
\(HE,f)| ¢ c-f/*. 
If f and g are in the domain of H, then 
(H(f+g),f+g) = (HE, f)+(Hg,g)+eR( (Hf,g) ) 
since (Hg,f) = (g,Hf) = (Hf,g). Hence 
R((Hf,g)) = y-((H(f+g),f+g)-(H(f-g),f-8)), 
This equation and the preceding inequality on C yields 
|R(HE,g)| ¢ pC If+e!°+1f-e1*) 
= 40(|f1°+1gl>) 
using B(11) of Chapter II, §1. 
Now if (Hf,g) = ¢°|(Hf,g)| where |G] = 1, then f! = foie 
igs in the domain of H. Furthermore je'|? = f° and 


R((Hf',g)) = R(¢ |(Hf,g)) = |(Hf,g)|. Thus the last inequality 
of the preceding paragraph becomes 


[(HE,g)| < CC 1f!*+lel*). 
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This holds for every f and g in the domain of H. But since 
the domain of H is dense, we see by continuity that this in- 
equality holds for every g. 

Furthermore, if A is real and not zero, we may let f! = 
(1/A)f, g' = Ag and the inequality becomes 


I(He,g) 1 ¢ BOC (1/a°) [£1 P+? el?) 


for every real non-zero A. If f #406 and g #0, we may let 
ae = If|/lgl and obtain 


(tre) I< Carle lel. 
If either f=@ or g= 68, this last inequality is obvious. 


This inequality holds for every f in the domain of H and 
for every g. If we let g = Hf, we get 


[HE|® < O-|f]-|HE| 


which implies |Hf| < C-|f|. Theorem I of Chapter II, §3, now 
gives the result. 


§4 


THEOREM VII. If T is c.a.d.d., then (14r*T)7! 
exists, is self-adjoint, has domain the full space 
and is definite and bounded with a bound Leake 


PROOF. If {h,k} 41s any pair of K,e Bo, it can be ex- 
pressed as the sum of an element of T and an element of T? 
by Theorem VI of Chapter II, §5. Thus given h and k there 
is a unique f in the domain of T and &@ g in the domain 
of T* such that 


{hk} = [f,Tf}+(T+g,g} = [f,Tf}+{-T*g,g} 
or such that 
h = f-T*g 
k = Tfh+g. 


In particular if yk = 8, this means that to every H, there 
is an f in the domain of T such that 


h = (147*T)f. 


This f is unique, since if there were two distinct f 's 
we would have two resolutions of fh,e}. 
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Thus for every h, (14+T*T)7'h exists. (14T*T)7' 4 sym- 
metric. The domain is dense and (b) of Definition 1 of the 
preceding section can be shown as follows. Let h and k be 
any two elements in A. Let f = (14T*T)7'h, g= (14T*T) lk, 
f and g are in the domain of T*T. Hence 


(h,(14T#T)'k) = ((14T*T)£,g) 
=(f,g)+(T*Tf,g) = (f,g)+(Tf,Tg) 
= (f,(14T*T)g) = ((14T*T)"'h,k). 
Lemma 3 of the preceding section now shows that (14D )71 is 


self-adjoint. 
It is also definite and bounded with a bound ic ig ons 


((14T*T)"'h,h) = (£,(14T*T)P) 


= (f,f)+(f,T*TF) = (f,f)+(TF, TL) = [f/?+ITF/® > o. 


1 


Thus A = (14+T*T) ' is definite and furthermore 


(Ah,h) > (f,f) = (Ah,Ah) = [Ah|® 
Now for every h, we mst have 
|Ah]+|h] > |(Ah,h)| > [Anl®, 
This implies |h]| > [Ah|. 


THEOREM VIII. If T is c.a.d.d, T*T is self-adjoint. 
If T' denotes contraction of T, with domain the domain 
of T#T,.then ,[T!] = TT. 


PROOF. By Theorem VII, (1+T*T)”' 4s self-adjoint. By 
Lemma 7 of the preceding section, 1+T*T is self-adjoint. If 
in Lemma 5, we let H, = 1+T*T, B= “1, we obtain that T*T 
is self-adjoint. 

It remains to prove our statement concerning T'. Since 
T! CT, we mst have [T'] CT. If then [T'] # T, there 
must be a non-zero pair {g,Tg} of ZI which is orthogonal 
to all {f,Tf} for which T*Tf can be defined. (Cf. Coroll- 
ary 1, to Theorem VI of Chapter II, §5). Thus for every f 
in the domain of T*T, 


0= ({g,Tg},{f,Tf} ) = (g,f)+(Tg,Tf) 
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= (g,f)+(g,T*Tf) = (g,(14+T*T)f). 


But for every h in # , we can find an f in the domain of 
T*T such that h = (1+T*T)f, by Theorem VII of this section. 
Thus for every h in 4%, we have (g,h) = 0, and thus g = 8, 
Tg = 0,5 contrary to our assumption that {g,Tg} 1s a non-zero 
pair. This contradiction shows that ae fave 


COROLLARY. Theorems VII and VIII hold if T* is written 
ineplacenot Te Uelan place ton mlAr. 


This is a consequence of COrollary 2 of Theorem III of §2 
of this Chapter, since this result permits us to substitute 
Wike one GB 


CHAPTER V 
WEAK CONVERGENCE 


§1 


In this section, we shall discuss the weak convergence of 
elements in Hilbert space. This notion applies in more gener- 
al spaces as we shall indicate. 


DEFINITION. A sequence of elements ae! ore As vallal 
be said to be weakly convergent, if to every g € Ww, the 


24m, (f,-8) exists.* 


We shall establish for every weakly convergent sequence 
it the existence of an f € WK, such that for every ga, 
eT -9 e Gigsieg) 


LEMMA 1. Let ia be any sequence of continuous additive 
functions, whose domain is the full space 4 and whose 
values are in a linear space. Then if there is a sphere 
®& anda constant C such that for f € R, [re ¢ C(Do), 
then the Te 's are uniformly bounded. 


We know from Theorem I, of Chapter II, §3, that to every We 
we have a C,, such that [Tf | < CIfl for every f. We must 
show that the Cc, 's are bounded. Suppose that they are not. 
Then if r is the radius of &, it must be possible to find a 
C, such that C, > 6C/r. Then given e€, it is possible to find 
an f (= f,) such that IT f| » (j-e)C 2 IE and we may take 
|f| = r/2. Thus if f, is the center of R, fo+f is in R 
and we must have [T(fot+f) I gC. Hence [Tae ot tata aC, 
which implies |Tf| < 2C since [Tf ol iWin isyehe, re p 
(1-€)C,|f] =$(1-€)C,*r > (1-€)3C. Now (1-e€)3C cannot re- 
main less than 2C for every €> 0 and thus we have a con- 


a ee ee 
* In general Banach space, a sequence of elements is said to 
be weakly convergent if for every linear functional, F,F(f,) 
is convergent. 
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tradiction. Hence the Cc, 's are uniformly bounded. 


THEOREM I. Let vy be a sequence of continuous 

additive functions, whose domain is the full space WH 

and whose values lie in a linear space. Suppose that for 

every f in 4, Tf is convergent, Then the bounds of 

Ai 's are bounded. 

PROOF: Let us suppose that the Theorem does not hold for a 
specific sequence iT}. Then Lemma 1 above implies that the 
ae are unbounded in every sphere. 

Now suppose that for i= 1, ... , k we have specified a 
function Th a sphere R,, with a center fy and radius ry 
aoe such that je Carer IT? > i. Suppose also that Ps < 
Bry Sa 1/et and Ry, ae R,- 

oe know that the Th a ~ are not bounded in the sphere with 
center f,. and reattae tr, We can therefore finda T eS and 
an f,,, within this sphere, with [Dive wficat! > 2(k+1). Since 
ae is continuous, we can ao a milena oe Ry. 1 with 


Nk+1 


center f,,, and radius Pe & $n, < 1/ok+ for which 


fleet ork €R, lea Ihe 2 aley aba Sie 


el ¢ If, Fart ee g If, -f yy let “4178! S ae 

Cie ee alia Ri. Hence Rigs G Ry. and we see that we may define 
a@ sequence of Thy? Rs, fy, Ty which have the properties given 
in the preceding paragraph for every 1. 

Since each Ry contains all that follow and tO) as 
i, =) C2 “Hla Pn "s form a convergent sequence, whose limit f 
is in every sphere R,- Consequently he f|—>+ wo as i—>o 
and the in f 's cannot converge. This contradiction shows that 
the T,, 's must be uniformly bounded. 


Nk+ re 


COROLLARY 1. If in Theorem i; for each = [Tf | 
is bounded, then the result still holds. 


COROLLARY 2. A weakly convergent sequence of elements 
eS must have the norms if bounded. 


Let Ne be a weakly convergent sequence. We have a C_ such 
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that ir < C. Now for every g, (gf) —+ F(g), where 
F(g) denotes the value of the limit. Since Mes tel <a te te 
lgl ¢ C-lgl for every g, we have |F(g)| g Celgl. Since F 
is obviously additive, Theorem I of Chapter II, §3, implies 
that F is a linear fimctional. Thus there is a f €5H such 
that (g,f) =F(g) for every g, by Theorem IV of Chapter II, 
§4. Thus we have established: 


THEOREM IT. If if} is a weakly convergent sequence 
of elementsof Hh, there exists an f such that for every g 
in yn, (g,f,) i, (g,f). 


§2 


Thus if a sequence if} is weakly convergent it has a weak 
limit f, i.e., (f,,g) —> (f,g) for every g. Thus 4A is 
complete for weak convergence too. 

Since (f,g) is continuous in f, we have 


LEMMA 1. If a sequence if} is strongly convergent 
to f, it is weakly convergent to the same limit. 


The converse of this lemma does not hold. For let $,> } 
be an infinite orthonormal set. For every g we have 
eo [ats < c@, where a (,?,)- Thus for every ag, 
(Z,d,) —+ 0 and the 9, 's form a weakly convergent series. 
Since however loo, =/2 if a+, they are not strongly 
convergent. 

This example also shows that there are bounded infinite sets 
of elements, which have no limit points. Thus Hilbert space is 
not locally compact. However for weak convergence, we have a 
kind of compactness. 


PIT OND 


THEOREM III. If if} is a bounded sequence of elements, 
there exists a weakly convergent subsequence. 


PROOF: Let 8,, @, ... be a denumerable set, dense in fh. 
The numbers (g,,f,) are bounded and thus we can find a subse- 
quence (es) for which (8, fy) is convergent. Similarly, we 
can chose a subsequence ifs) of fy) such that (8 f9) is 
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convergent. By this process, we can continue to choose sub- 
sequences so that (Cas ) is convergent for i & im, dUaXs) 
"diagonal sequence” oo then has the property that for each 
n (when the first n elements are ignored) it is a subsequence 
On ety Hence (ee) is convergent for every i. 

The norms of the rca are bounded and thus the linear 
functionals (g,f6”)) are uniformly continuous on every bounded 
region. Since these functionals also converge on a dense set, 
they must converge for every value ie fey 


§3 


Our purpose in this section is to prove Theorems Iv and V 
below. For this, we prove the following lemmas. 


LEMMA 1. Let T be a linear transformation from i, 
to Ay The domain of T is the full space and we let 
R, denote the set in Ay of those elements in the form 


Tie elec al ioles 1.) cherseu iy is closed. 


Since T is linear, T* is also linear. (Cf. Chapter IV, 
§2, Theorem IV) Now let g bea limit point of Ro: We can 
find a sequence 184} with EB; — and such that oa Tf, 
for an f, with If, | gn. Since the f 's are uniformly boun- 
ded we can find a subsequence fils which converges weakly to 
an f with |f| <¢n (Cf. TheoremIII, §2 above). Let gi = Th. 
Then for every h, 

(ae ciikals\)) = Tsim (fy, Usb) 
Q?> co 


=e Tim (re) 


Q+a 


Since (T*)* =T, (b) of Theorem II of Chapter IV, §2 implies 


if-=g. since |f("< un; {el <i gel Be ita R- Thus ab is 
closed. 


LEMMA 2. Let T bea linear transformation fromm Ky 
-1 
to Hy for which T exists. Let Ry be as in Lenma 1. 


Then if for some n= Nos Las contains a sphere &, then 
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tT ' 4s bounded. 

Let R have radius r and center @, For g¢rc Ri» we 
have that g=TfF foran f with ([f| < n. In particular this 
is true for g, =Tf,. Now if h is such that |h] <r, we 
have that g=g,+h is in R and thus h= G2, se (ries 
Since |f-f, | < lfl+If, | <sengy bites cin Ron: Thus Ro con- 
tains the sphere with center 8, and radius r. 

This implies that tT! 4s defined everywhere and has a bound 
< holes Fori2ihe s’€ Ro and g + ®,, let h= (r/elgl)g. 

Since h€R,., (Cf..above) we have that Lumet] € en, which 
is equivalent to It 1g] < (in/r)- lal. 

We introduce certain set-theoretic definitions which have 
played a very important réle in the general theory of linear 
spaces. 


DEFINITION 1. A set S is said to be nowhere dense if 
every sphere contains asphere of the complement of S. A 
set will be said to be of the first category if it is a 
denumerable sum of nowhere dense sets. 


The following Lemma is important. 


LEMMA 3. A set S of the first category does not con- 
tain any sphere. 


let S= 5,+5,+ eee where Sy is nowhere dense. Let R 
be any sphere. We shall show that S does not contain R. 
Within &, we can find a R, belonging to the complement 
of S, and we can suppose that the radius r, of R, is 
¢ 1/2. Within R, » we can find a sphere R, of the complement 
of S, with radius r, & 1/2°, Continuing, we can find a 
sequence of spheres [R, } each containing all subsequent 
spheres, Ry in the complement of Sy and whose radii approach 
zero. The centers {f5] of the spheres [R, | form a conver- 
gent series, with a limit f, which is in every sphere includ- 
ing R. Since f is in every sphere, R,, it is in the comple- 
ment of every Sy and hence in the complement of $8. Since 
f is in R&R, , S does not contain R. 
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LEMMA 4. Let T be a linear transformation from A, 
to A, for which T ! exists. Let R, be as in Lemmas 
1 and 2. If t | is not bounded, each R, is nowhere 


dense. 


PROOF: let & be any sphere of Bo. aa does not contain 
R by Lemma 2. Thus R contains a point f of the complement 
of Ra: Since the complement of Ro is open by Lemma 1 and its 
intersection with & is not empty, & and the complement of 
R, must have a sphere in common. Thus R, is nowhere dense. 


THEOREM IV. Let T be a linear transformation from 

A, to , whose inverse t' exists. Then if T has 

R, as its range tT | 4s bounded. 

Under these circumstances, the sum of the ae of Lemmas 1, 
2, and 4 contains the unit sphere of Ay + hg pl were not 
bounded then this sum would be of the first category by Lemma 4 
and hence could not contain a sphere by Lemma 3. Thus tT! 4s 
bounded. 


THEOREM V. If T is a closed transformation whose 
domain is a closed linear manifold, then T is bounded. 


PROOF: We consider A the transformation from T (=f, ) to 
De = Ro), defined by the equation Ajff,Tf} =f. A has domain 
I and bound 1. Thus A is linear. The inverse A’! exists 
and we note A 'f = {f,Tf}. The range of A is %,. Thus we 
may apply Theorem IV and obtain that there is a C. such that 
for every f € D, 


C-If] > Iif,tey] = (1el@sitel2)'/2 > prey. 


CHAPTER VI 
PROJECTIONS AND ISOMETRY 


In this chapter we will consider four special kinds of trans- 
formations of particular interest in the theory that follows. 


§1 
DEFINITION 1. Let Mm be a linear manifold of 5 and 
for every f, let f# fi +t as f, E M, > f, ete emda 
Chapter II, §5, Theorem VI) The transformation E which 


is defined by the equation Ef = f, is called a projection. 


Lemma 1. E is a linear self-adjoint transformation 
with C_)>o0, C, 1. (Cf. Def. 4 of Chapter IV, §3:) 
Furthermore E*° = E. 

PROOF: The uniqueness of the resolution of Theorem VI of 
Chapter II, is easily seen to imply that E° =E and that £E 
is additive. We also see from the same Theorem that the domain 
of E is %. Since |f|* = |f,/7+If,1°, Ifl > IE] and thus 
E is bounded. Hence E is linear. 

Now for f and g€h, we resolve f= fi+f,,> Z = 8,+8, 
and then since f, and g, are orthogonal to f, and &, we 
obtain, 

(Ef ,g) = (f,58,+8) = (f,58,) = (f,+f,,8,) a (f,Eg). 
Thus E is symmetric. Since it is also linear, we know by 
Lemma 3 of §3 of Chapter IV that E is self-adjoint. Since we 
also have 
ee i= (ffm (t,t, | sel 
we see that C_20, C,¢1. If both M and M+ are not 


i@t, we easily verify that C, =p i) fzhatol (0) ee To) 
Conversely, we have 


LEMMA 2. If E°=E and E is closed symmetric then 
E is a projection. 


Since E> = E, © the set of zeros of E, includes all ele- 
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ments g forwhich g= (1-E)f, f in the domain Ss E. For 
since f is in the domain of E, and thus Ef = E’f = E(Ef), 
Ef must also be in the domain of E. Hence g is in the do- 
main of E and Eg = E(1-E)f = (E-E*)f = 0. 

By Chapter IV, §3, Lemma 8, we know that MCMR* = [R]°. 
Thus Jt and R are orthogonal and for f in the domain of EH, 


= Ef+(1-E)f 
If[® = |ee]?4](1-B) Fe 


Thus |Ef| < |f| and E is bounded. Since E is closed con- 
tinuous and has domain dense, E is linear. (Cf. the defini- 
tion of "linear" in Chapter IV, §2 preceding Theorem IV) Thus 
E has domain the full space. 

Let m= [R]. For every f, E gives a resolution f = 
f,+f,, EF € Mm, (1-HF € M+. Since only one such resolution 
is possible, it follows from the definition of projection, that 
E is the projection on mM. 


COROLLARY. If E is c.a.d.d. and E° =E and R 
is orthogonal to ® then E is a4 projection. 


LEMMA 3. If E is a projection with range Mm, then 
1-E is a projection with range ™:?:. 


PROOF: 1-E is self-adjoint and (1-E)(1-E) = 1-2E+E° = dsb 
Lemma 2 implies that 1-E isa projection. 

Now Ef=6 if and only if f£ € M4. Also (Cla ec. ge alae 
and only if f is in the range of 1-E, since 1-E is a pro- 
jection. But (1-E)F=f is equivalent to Ef = 6 and thus 
M+ is the range of 1-E, 


LEMMA 4, If E, 1s a projection with range mM, and 
E, is a projection with range lpg then E,E, isa 
projection if and only if E, *E, =H eB ety E,E, is a 
projection, its range is m,. m,. 


The condition E, ED = E, E, 1s by Theorem V of Chapter IV, 
§2, a necessary en AN re condition that E, E, be self- 
adjoint. Thus the condition of our Lemma is ae and when 
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it holds we know that E,E, is self-adjoint. When it holds, we 
2 = = 

also have (E,E,) = E,E,E,E, = E,E,E,E, = E,E,. Lenma 2 shows 

then that E,E, is a projection. 


aR & E,E, = EAE, , then the range of E,E, alf=| “ahew Jofojinial laksa, (one 
E, and that of E,, absetey alral M,-M,. ALSO fae Mi-M,, 
E,E,f = E, (Ef) = E,f =f, il.6., f is in the range of E,E,. 
Thus the range of E,E, is M,-M,, when E,E, is a projec- 
tion. 


LEMMA 5. If E,; “Seopa Ey are n projections with 
ranges m,, setts ma respectively, then E,+... +E, 
is a projection, if and only if BBy= 0 ined 24 ja Tae 
E,+ ae +E, is a projection, then 4 is orthogonal to 
Mm. for i+ j and the range of Bees te, 8 


U( Mv state um) (vu indicating logical sum). 


Let us suppose that E,+ Dielenk En is a projection. Suppose 
E,E; +0 for i+ j. Hence there is an f such that E,E,f + 
a tht. f= Ef. Then g € M; and E,g + @. Hence 

Igl> > ((B,+ ... +B,)8,8) = I0.,(B,8.8) = Cony [E,al* 
> lEyel*+1B,81° = 1Eyel°+lel? > lel’. 
This contradiction indicates that E,E, =0. 

On the other hand if E,E, =0 fOre le-pee). se bhon: (E,+ hee + 
E,)° = E,+ «++ +H,- Since E+... +H, is self-adjoint, it is 
a projection by Lemma 2 above. 

Ge E,E, = 0, E, = E,-E,E; = (1-E, )Es. It follows from Lenmas 
3 and 4 above that mM, is in M} mM, or m; in mm. Thus 
Mm, is orthogonal to M,. 

Obviously the range of E,+... +H, must be in U( M,v So0 U 
M)- On the other hand if f€ U(M,u aa 6 uM)» it is readily 
established that f= fit 526 +f» where f, E Mm, > areteees fn € 
Ma: Now (E,+ s+. + E,) (f+ pets +o) =f,+ ... +f, since 
E,f; = E,E f; = 6, if i+ j. Thus f,+... +f, 18 in the 
range of E,+ ... +H, and U(M,u ... uM) is included in this 
range. This and the previous result prove the last statement of 
the lenma. 


DEFINITION 2. Two projections E, and E, are called 
orthogonal if E,E = 0, or what is equivalent, if mM, 
is orthogonal to in,. 


5h VI. PROJECTIONS AND ISOMETRY 


LEMMA 6. If E, and E, are projections with ranges 
m, and mM then E.-E, is a projection if and only 

1 Be | -é : 
if E, = £,E,. If E,-E, is 4 projection then Mm, CM, 
and the range of E,-E, is Mm, - Ms. 


It follows from Lemma 3, that E,-E, is a projection if and 
only if 1-(E,-E,) = 1-E, +E, is a projection. By Lemma 5, 
(1-E, )+E,, is a projection if and only if E(1-E,) = 0 or BE, 
= EAE, . These two results imply the first statment of the Lemma. 

Th gh, = BE, Lemma 4 implies M,, = @M, M,, or mM, C M+ 
Since E,-E, = E,-HB, = (1-E, )E, Lemmas 3 and 4 imply that the 
range of E,-E, 1s Ms M, - 

LEMMA 7. Let E,, Ey» --.- be a sequence of mutually 

orthogonal projections, with range ™,, Mm, vie) SCOSDCG= 
tively. Let E=20_,B, (i.e-, Ef = jjm t pices 
whenever this limit exists). Then E is a projection 
with range IN M,v Mu .--) (where vu denotes the 


logical sum). 


PROOF: We note that if n S m and f €H then by Lemma 5 


meee gore Saale chee, eae 
2 
= eee eal x Fegan Ea | 

If we let m=0, we obtain |[f|° Z Ee {ls ig Hence |f|* > 

co 2 n = 
Liga} /Byfl”. This implies that ae Te,f12— Oo as m and 
n—~ oo. Our first inequality then shows that | ii =p 
Zr yn1Ef! —> 0 as m and n—+oo. This shows that Ef 


exists for every f. 
Now E is symmetric, since for every f and jek Tonk! 00 


(Bf,g) = (Mdm Eyl, Ef.e) = jdm (( £2_ Bf.) 
= q4m (f,( Fy Ege) = (f.(jdm Ee_,E,Je) = (f£,Eg). 
Furthermore 


ae )(ER_ Eq) = Adm (LQLyBg)( 28_, Ep) 


~ HEE oe By) (Adm TBE q) = jdm dam (5D eee 
ics a8 ( E ont Ey) = 430, Tym Ey = rt yn 


12) 


a 
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Hence Lemma 2 above shows that E is a projection. 

We now prove the last statement of the Lemma. oe aa denote 
the set of elements f of % in the form f = E oe Be! pee 
© Moe Since the My 's are orthogonal, ak a ae [2 
Now a proof similar to the completeness argument of ow T of 
Chapter III, will show that ®M is a closed set. Furthermore 
UM, vM,u ---) CR and every f €MN is the limit of elements 
of UCM, vM,v -«-). Thus % is the closure of UCM, uMeu Sees) 
that is M( My M,u ---). One can easily verify that m is 
the range of E and this completes the proof of the Lemma, 


DEFINITION 3. We will write E, < E,, if m, C M,. 


LEMMA 8. The following statements are equivalent: 
(a) E, < E,3 

(b) E,E, = E, (= E,E, by Lemma 4); 

(c) For every f of 5, bea be < iEei4 


PROOF: (a) implies (b). Forif f € %, we know that f = 
f, +f, where f, € M,, f, € Mt By Corollary 1 to Theorem 
vi = Chapter II, §5, we age f oat tty, o? where Pri € M 
iis € Ma-M,. Thus f= Pi Nes he ). Since M+ GOR by, 


Beeieces 2 es Theorem VI of tee It, we have f, € Ms. 


Thus fie +f, € Ms ft 1 © Ms and these imply Ef = Poa 
But by tie ee fe definition of f, 4? E,E,f = f kh Hence 
EAE, f = Ef and (a) implies ee 

(b) papel (c) since |E,, fl? = |E,, B,f | & |E, Pi 

(c) implies =) For = sn SIL jf|? = IE, e)2 ig lE, ei2 - 
If|®. Thus |f|/* = |E,fI°. Since pte EB, )fl* = |£1°-18, P|? = 


we mist have (1-E,)f = 6 or f=ELe mM. Thus mc Mm,’ 


LEMMA 9. If E,; E,; -.. denotes a sequence of pro- 
jections with ranges M,,M,; -e. respectively and such 
that Ey g Eu4i2 then E= lim, 5 is a projection 
such that Eg E. The range of E is M M,v Mv acroule 


PROOF: Since Ey <E oo? Lemma 8 implies that E,-E,,,= Ey. 


Lemma 6 implies that Ey = ve is a projection. Since EK, = 


E, heals Egy qos) is a projection, Lenma 5 implies that E,; 
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E,-E, , E,-E,, ... are mutually orthogonal. Furthermore E = 
2 f=] 
- tates E isa 
dim, Ey a E,+ ty =I (Fae EY): Thus Lemna 7 8 
projection. 
The expression for EL in the previous paragraph and the 
resulting orthogonality relations, shows that ae {ey 2 lal 
n 
Ey (Ea, 1 Eg) = 0. It follows that E,E= Bel go Boat me! = 
and thus by Lemma 6 that HE, ¢ &. 
It follows from Lemmas 7 and 6 that the range of E is 
MC M,uMMpuMSMsu «e-)e Corollary 1 to Theorem VI of Chap- 
ter II, §5 shows that UC My» Ms- Mya) = Moat? These two 
results imply that the range of E is M(M,uM,v eee 


LEMMA i0. Let E,, E,, «-. be a sequence of projec- 
tions with ranges Ms Mos .e. respectively and such 
that aoe Hoy: then E= lim 8, i848 pro jection 
such that E ¢ ne for every a, and the range of E is 
M,°M,° sto ¢ 


PROP let i= i-E.) Then a E412 implies F, is re 
mince ee a ag lh a oe eae ee 


when we use Lemma 8 (b). Lemma 9 tells us that lim Ee Lara 
projection. Hence 1-lim ve = lim(1-F,) = lim Ey = E is also 
@ projection. Since lim As > FL» we must.have E ¢ Ene 

ime ae alg) Siew, M,-M,° Soc. sf  ‘iwleXslal Ef=f for every a 
and hence Ef =f. Thus f is in the range of E and mM, ‘ 
M,° -».- is included in this range. On the other hand, if f 
is in the range of E, we have f= Ef and since we also have 
E,E = E we have f= Ee Beer. Thus fem. Since 
this holds for every n, f € M,°M,° ee. and this set in- 


cludes the range of E. These results together imply the last 
statement of our lemma. 


§2 


DEFINITION 1. A transformation U from A, to a 
with domain 4, and range Ry and such that (Uf,Ug) = 
(f,g) for every pair of elements in K, is called a 


unitary transformation from By to Fy 


§2. UNITARY AND ISOMETRIC TRANSFARMATIONS DT 


LEMMA 1. A unitary transformation & is linear, wu! 
exists and Ux = !. 


PROOF: Given f, and Pos we have for every g, 
(U(af ,+bf,, )-allf, -buf, Ug) = (U(af,+bf,,),Ug)-a(Uf,Ug)-b(Uf, Ue) 
= (af, +bf,,,g)-a(f,,g)-b( fg) ="0. 
Since the set of Ug 's fill out Pos we have U(af,+bf, ) = 


allf,+bUf, and U is additive. Since |f|° = (f,f) = (ur,ur) = 
jur|* we see that & has bound 1. Thus UW is linear. Since 
le]? = jurl®, uf=06, imlies f= 6,. Thus W' oxists. It 
is readily seen to be unitary. 
Since U is linear, U* exists. For every f € Ry» ge Ry 

we have 
(uf,g) = (f,u'g). 


| © u* and since the former has domain A, Ue = Usa 


Thus UW 


LEMMA 2. If U is a unitary transformation from ny 
to K, and 15 Por eee is a complete orthonormal set 
in Ry then Ug, Ud,» --- is a complete orthonormal 
set in Ay. 


PROOF: It is easily seen that the Udg,, Up,» cee Lsanwor— 
thonormal set. If g is in Ao» g= lf foran heh. T= 
Feats by Theorem XII of Chapter II. Thus g= Uf = 
rae ey and mM {Ug} ) = Ay. Thus the set U,, Up, ... 
is complete. 


LEMMA 3. If 9,2 Gor +e is a complete orthonormal 
set in H, and ,, %, --. 1s a complete orthonormal 
set in R, then the transformation defined by the equa- 
tion UW ral Fao) = [Ga18at, 18 unitary. 


This is an immediate consequence of Theorem XII of Chapter II. 
DEFINITION 2. An additive transformation V with 


the property that (Vf,Vg) = (f,g) for every f and g 
in its domain is called isometric. 
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LEMMA 4. An isometric transformation V is bounded 
and has an isometric inverse. [V] exists and is isometric 
with domain the closure of the domain of V, and range, 
the closure of the range of V. 


PROOF: The first statement is proved in a manner analogous 
to the proof of the corresponding statements in Lemma 1. Theorem 
II of §3, of Chapter II implies that [V] exists and has domain 
the closure of the domain of V. The continuity of the inner 
product shows that [V] is isometric. A similar argument will 


show that [ve 4 exists and has domain the closure of the range 
1 


of V. From graphical considerations we see that [V] = iv avis 
Hence the range of [V] is the closure of the range of V. 
LEMMA 5. An additive transformation V, with the 
property that for every f in its domain |Vf| = |f|, is 


isometric. 


This is a consequence of the identity 
1 
(f,g) = y([f+gl?-|f-g1°)+p4( [f+ig!®-|f-ig1?). 


LEMMA 6. Let V be a closed isometric transformation 
with domain Mm and range NM. M and M are closed. 
Let 5, be an orthonormal set $,; $55 ese SUCH that 
M(S,) = M. Then Vo, > Voy, ++. is an orthonormal set 
S, such that MS, ) = 7. 

Mm and MN are closed since V is closed and bounded. The 
proof of the remainder of the Lemma is analogous to the proof of 
Lemma 2 above. 

Theorem XI of Chapter II, §6 has the consequence: 

LEMMA 7. Let S, denote the orthonormal set $,, Pos arene 
S5 denote the orthonormal set Wy,» Yo» ees and suppose 
that 5, and S» have the same number of elements. Then 
the transformation V defined by the equation V( x aa Pa) 
= Zag Vy is a closed isometric transformation with domain 
M(S,) and range M(S,). 
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DEFINITION 3. Let M,; Mm,» «es. be & sequence of 
mutually orthogonal manifolds and V, ; Vo> cen Des 
sequence of isometric transformations such that Vy has 
domain Mo and range Nye Let us suppose further that 
the ee 's are mutually orthogonal. It follows from the 
last paragraph of the proof of Lemma 7, of the preceding 
section that mM Mu Mou --.) is the set of elements in 


the form a te € Moy We define 


V,eV,9 woe Cz 0%,) = fot 


LEMWA 8. V,9V,9 «+. is isometric with domain 
MC MivM,u -+-) and range M(Ny Rv Sieren) ie 


If V, and Vy are closed isometric and Vy is a proper ex- 
tension of V, » the domain and range of Vy include properly 
the domain and range of V, respectively. Thus Dy ands ator 
V;, are not {6}. On the other hand, if D* and R* are not 0 
let ' with |o'| =1, be €D* and y' with |W'| =1, be 
€ R+, Let Vo be defined by the equation V_(a¢') = ay'. Then 
by Lemma 8, V,9V_ is a proper isometric extension of V, 5 
Hence 


LEMMA 9. A closed isometric transformation V, has a 
proper isometric extension if and only if both D+ and R+ 
are not {é@}. 


The dimensionality of a closed linear manifold Mm is the 
number of elements in an orthonormal set 5, such that MS, ) 
= Mm. In terms of this definition, we may state 


LEMMA 10. A closed isometric transformation Vv, has a 
unitary extension U if and only if the dimensionality of 
D+ is the same as that of Rt. 


To show that this is necessary, suppose that V has a unitary 
extension UW. We take a complete orthonormal set $1 2Pns vee 
>, $35 bere, Uplela: $,, 05 eres >}, $3. Pcie, SS AR Ma WEY (oF Wal 
be done by using Theorem VI of §5 of Chapter II and Theorem XI 
of §6 of Chapter II, because these two results imply that an 
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orthonormal set which consists of a complete orthonormal for D 
and another for D+ is complete. Since UW is an extension of 
V, Ug, = Vo, € R and since YU is unitary Ups Eu  Shbalele) 
the set Ud, » Ud,, Rico tus Up), Ups » ..-. is complete by Lemma 2 
above and Ug,» Udor-es — [Vo], Voos --- | determines R by 
Lemma 6 above, we must have that Up; , Ug), --. determines R?. 
Thus D+ and R+ must have the same dimensionality. 

On the other hand, if D* and R+ have the same dimensional- 
ity, we can find a partially isometric, Vo such that V_9 = RK 
by Lemma 7 above. Lemma 8 can be used to show that V,eV, isa 
unitary extension of V, 5 


§3 


DEFINITION 1. An additive transformation W from Y, 
to Ao which is isometric on a linear manifold Mm and 
zero on M+ is called a partially isometric transforma- 
tion. Mm is called the initial set of Wj M the range 
of W is called the final set of W. 


LEMMA 1. A partial isometric W is linear. The final 
set of W is a linear manifold. Let V_ be the contrac- 
tion of W with domain m, let E be the projection of 
A, on M. Let F be the projection of AR, on N. 

Then 
W=VE=FVE, we =v 'F = zy'R, 
WeW= FE, W* =F, 


PROOF: Since f = fi+f,; f, € M, f, € M+, WF is defined 
and equals Wf,. Hence W has A, as its domain. Since 
Iwr, | = If, | $ Ifl, W 1s bounded. Thus W is linear. 

Since’ V is bounded and has a closed linear manifold as its 
domain, V is closed. Thus the range of W which is the range 
of V is closed. Since wr = wf, = vf, = VEf for every f, we 
have W=VE, Since the range of V is ”, W=FVE. Inasmuch 


as V' 48 isometric on m, we have 
(Wf,g) = (FVEf,g) = (VEf,Fg) = (Ef,V-'Fg) = (£,EV" Fg) 


for every f and g. Hence EV 'F CW*. Since the former is 
everywhere defined, W* = EV 'F, Now 
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wew = EV 'FFVE = EV 'Fve = EV VE =F? = &. 
Similarly WW* = F, 


LEMMA 2. A c.a.d.d. W such that WW=E isa 
projection is partially isometric with initial set, the 


range of KE. 


PROOF: Since W*W is everywhere defined, W is everywhere 
defined. If f, and g, are in the range of E, BP, =f, 
and we have (f, 28; )= (Ef, 8, p= (W*Wf,g, = (wr, WE, Ne 

Thus W is isometric on the range of E. If f is orthogo- 


nal to this range, Ef = 0 and we have 
0 = (Ef,f) = (WWf,f) = (Wf,Wwf) = |wr]® 


and thus Wf = 86. Hence W is partially isometric. 


LEMMA 3. The following statements are equivalent for 
c.a.d.d. transformations: (a) W is isometric, (b) W* 
is isometric, (c) W*W is a projection, (d) WW* is 
@ projection, (e) WWWe=wW, (f) W*W* = W*, 


Lemmas 1 and 2 imply that (a) and (c) are equivalent. Simil- 
arly (b) and (d) are equivalent. But Lemma 1 shows that (b) 
implies (a) and also that (a) implies (d). These results show 
that the first four statements are equivalent. 

If W is isometric, we know that WE =W and that E = WW. 
Thus WW*W =W and (a) implies (e). On the other hand, if 
WW =W, we have W*WW*W = WW or (W*W)° = WW. Since W*W 
is self-adjoint and (ww )= = WW, W*W is a projection by 
Lenma 2 of §1 of this chapter. Thus (e) implies (c) and hence 
(e) also must be equivalent to any one of the first four. 
Taking adjoints shows that (e) is equivalent to (f). 


LEMMA 4. Suppose Wy, a=1, 2, ... is a partially 
isometric transformation with domain M, and range Nye 
We shall suppose that the Mm, 's are mutually orthogonal 
and that the 7, 8 are mutually orthogonal too. Then 
fe acl HEA OR partially isometric with the initial set 
M(M,vM,v ...) and the final set M( Ny Rv ete) ia 
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Lemma 8 of the preceding section shows that <£,W, is isomet- 
ric on M(M,uM,v .--). Now if Ey, is the projection on Moy 
1, = Es is the projection on M( Mv Mv sietel) ee iC fee ee Lemmam7 


of §1 of this Chapter). Then WE = Cr Wye = rE = CW EE 
= = = = W is zero on the set 

= Eo Nolin = x Wa W. Since WE =W, 

M(M,.uMou...)4 and W is isometric. 


§4 
We return briefly to the considerations of §4 of Chapter IV. 


THEOREM I. If A and B are c.a.d.d. operators from 
hi, to Ry such that A*A = B*B, then there exists a 
partially isometric W with initial set, the closure of 
the range of A and final set the closure of the range of 
B such that B=WA, W*B=A, B* = A*W*, B*W = Ax, 


If f 1s in the domain of A*A, Af = 6 implies 
O = (A*Af,f) = (BYBf,f) = (Bf,BF) = |B}? 


or IBe}e = 0. Thus the set in Ape Ry of pairs At, Baten ts 
in the domain of A*A, is the graph of a transformation V. The 
domain of V is the range of A' the contraction of A with 
domain the domain of A*A, 

Now V is isometric since for f and g& in the domain of 
A*A, 


(Af,Ag) = (A*Af,g) = (B*BP,g) = (Br,Be). 
Thus if = Af, y= Ag, Vo 


Bf, Vwy= Bg and 


(p>) = (Vp,Vy) 
for every and w in the domain of V. Furthermore VA! = B! 
where B! . is the contraction of B with domain the domain of 
B*B. 

Let f be an element in the domain of [A']. We can find a 
sequence If A'f| such that If,A't} —— TANG Hence 
the sequence Aree converges and owing to the isometry rela- 
tion, V, the sequence [B'f,} must converge to a g*. Thus 
if, Bf, } converges so {f,g*}. Then by the definition of 
[B'], [B']f exists ana equals g*. We also have {ATES SB try 
— {[A']f,(B']f}. Hence this latter pair is in the race we 
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[V] and [V][A']f = [B']f. This last equation holds for every 
f in the domain of [A'] and hence [V][A'] C [B']. If we 
take f in the domain of [B'], a precisely similar argument 
shows the reverse inclusion and hence [V][A'] = [B']. 

Theorem VIII of §4 of Chapter IV states that [A'] =A, [B'] 
B. Thus [VJA=B. It is obvious from the graphical considera- 
tions made in the above that A= [v)'B, that the domain of [V] 
is the closure of the range of A and that the range of [V] is 
the closure of the range of B. let the closure of the range of 
A have a projection E and that of B have a projection F. 
Let W= [V]E. Then W=F[VJE, W* = E[v]'F, W is partially 
isometric with initial set the range of E, and final set the 
range of F. B= [VJA= [VJEA=WA. A= [V]"'B= E[V) 'FB = 
W*B. 

Now if B=WA, B* = A*W* by the Corollary to Theorem V of 
§2, Chapter IV. Similarly A* = BW. 

It should be remarked that the partially isometric W is 
introduced because in general [V]* does not exist. 


CHAPTER VII 


RESOLUTIONS OF THE IDENTITY 


§1 


In this section we will discuss certain properties of self- 
adjoint transformations whose range is finite dimensional. While 
these results will be applied later, they should also be regarded 
as indicating what results are desired in the general case. 


LEMMA 1. Let H be a self-adjoint transformation with 
a finite dimensional range ® which is determined by the 
orthonormal set 9,, ... , $,- Then H is zero in Mm? 
and there is an n 'th order matrix (a, > CHES Wi. Hon A 18 
with 8o.8 = BAe such that Ho, = ra8 0, a9 H is 
bounded. 


Since H=H*, H is zero on M+ by Lemma 8 of §3 of Chap- 
ter IV. Let E be the projection on Mm. ™M CD, implies 
that for f € D, (1-E)f € a and Ef € D,- Since De is 
dense, this implies that D, is dense in M. Since M is 
finite dimensional and 25 is additive, D, must contain MM, 
Since H@ € M, Ho = Eat 8a aa by Theorem XI of Chapter II, 
§6. By, B = (Heob,) = (o.2Ho, )= (Hoa, dy ) = Bae: 

The bound of H is the ie of its contraction defined on 
M and for this we have 

2 


HQ moo = | Lyxckon! 
= Iq (Za Xa posal 2 = are | Ly Xho pl 
2 2 
£ (Ly plage! (EIQ! 


The converse of Lenma 1 holds. 


LEMMA 2. A finite orthonormal set / $,> 646 4 o> 
and a symmetric matrix (ay Ay 5 (sn San le, | (Gags 


2o.a = = ag, q) determine a ed oer ene by 
means of the conditions: If f € M(S)*, Hf = 6; 


Ho, = t, Fa pPa: 
64 
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H is readily seen to be symmetric and defined everywhere. 

The essential result of this section is that $,; see 9 Oy 
can be chosen so that 8a = Ana, for real A,. Thus we 
obtain the "diagonal form" for the matrix. 


LEMMA 3. If H is a non-zero self-adjoint transfor- 
mation whose range is a finite dimensional M, then we 
can finda @ in Mm anda non-zero A _ such that if 
M is the set of wy in M® which are orthogonal to 


1 
4 then for every f in 5h, 


HE = A(f,q)+H,f 


where H, isa self-adjoint transformation whose range 
is m,. 

PROOF: Since H is not zero, either C, DO mori, Oy 
(Cf. Definition 4 of §3 of Chapter IV). We shall suppose C,>0. 
(Otherwise our argument would apply to -H) Let E* be the pro- 
jection on Mm. Then EHE=H since H is zero on M+, For 
every f we have (Hf,f) = (EHEf,f) = (HEf,Ef). 

Now let f,, f,, -.-. be a sequence of elements with [ft i=1 
and such that (Hf ft) aa C,. It follows that [Ef | lls 
(HEf, Ef) — C. All the See 's are in JR whose unit sphere 
is compact. Thus a subsequence of the Ef, 's must converge to 
& g in M such that (Hg,g) = Cl» lg| ¢ 1. Furthermore 
lgZl =1, since if [g] <1, (Hg,g)/lel® » C, a contradiction. 

We let @=g. If We mM,» then (W,$¢) = 0 and for every 
value of a, | cosagp+sinay * = 1. Thus if f = cosap+sinay, 


(H¢,o) = C, > (Hf,f) = cosa Hp, )+28inacosaR (Hp, y)+sin“a(Hy,). 
This is only possible if R(Ho,p) = 0. Multiplying bya 
constant does not effect w€ {¢}* and thus we have by a famil- 
jar process |(Ho,w)| = 0. 

Let $, Wy, «+» »¥ 
and thus 


n-1 be an orthonormal set complete in mM 
Hp = Aptb i+ «++ +D,_ shy}. 


But Y, is in mM, and thus by, = (Hosp,) = 0. Hence Hd = Ag, 
where A = (H¢,¢o) = C, is real and not zero. 
Ir E, is the projection with range mM, » we have 
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(HE, f,¢) = (E,f,H) = 0 for every f. Thus the range of HE, 
is orthogonal to . The range of HE, is included in m and 
this means that it is included in M,. Hence HE, = E,HE,. 
E,HE, is self-adjoint. 

Now the projection on {ag} is given by the equation Egf = 
(f,$)@. Hence Ef = (f,)p+E,f and 


Hf = HEf = (f,o)HO+HE,f = a(f,$)+H,f 


where H, = HE, = E,HE, is self adjoint with range included in 
Mm, . Dimensionality considerations show that the range of H, 
must be mM, é 

Call 49, $, and apply Lemma 3 to H, . This gives us a $, 


in MM such that 
Hf = A, (f,9, )>, +A, (f,6, )+H,f 


where H, has range in MN, orthogonal to $5 and of course 
to $,- Repeating, we obtain the following lemma. 


LEMMA +}. If H is a self-adjoint transformation with 
a finite dimensional range ©, we can find an orthonormal 
set 5S, $,2 +++ » $, and real non-zero constants A> Aga = 
an such that 


Hf = A, (P59, Joy tA (Pro, pot nce AL (P56, don: 
The A, satisfy the inequality C_ < AS Cy. 


For such a transformation, H°, H?, ... can be defined. Let 
p(x) = Ue eae ortir ++. +8) be @ polynomial. We define 
p'(H) = aU Hede, He os ++. +8,E where E is the projection on 
Mm. Then it is easily verified that 

P'(H) = p(a, (Ls, JO, +P(Ag ) (Pog, a+ coe P(A) (LO, OL. 

In generai we have ! 


LEMMA 5. The corespondence p(x) » p'(H) preserves 
the operation of addition, multiplication and multiplica- 
tion by a constant, 


p'(H) = a,fve, Hts +++ 485E 


= P(A, (£56, )o + ... + P(AL ) (£56, Op 
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when p(x) = Se ay. +++ +85. When the a 's are 
real and C, and C, are two constants such that for 


<x € C,, we have C, <p C, then for every f, 
C,(Ef,Ef) ¢ (p'(H)f,f) ¢ C,(Ef, Ef). 


To show the last statement we note that p'(H) = Ep'(H). 
Thus 


(p'(H)f,f) = (p'(H)f, Ef) 
= (DCA, ) (Psp, opt - ++ +P(AQ) (LO, Ops (P56, ot --- +(£50, by) 
= P(A, )I(f5,)1°+ o06 + DIAL) (f.o,)1*. 
This will imply the desired inequality. 

We will obtain an infinite analogue of Lemmas 4 and 5. How- 
ever it must be remembered that in dealing with an infinite di- 
mensional space, one mist consider not sums but limits of sums. 
Thus Ee (or | ala ) represents that special limiting pro- 
cess in which one (or both) limits of summation are permitted to 
approach oo. The integral \ in the Rieman-Stieljes sense, is 
a& more general process of taking the limit of a sum, which in- 
cludes the preceding method. Thus the generalization of the ex- 
pression for Hf in Lemma 4 need not be an infinite sum 


oe 
Fe Ree a O* 
but a more general method of taking the limit of a sum. 


§2 


DEFINITION 1. A family of projections E(A) defined 
for -awo <A< +a is called a resolution of the identity 
Bid 


tis E(A) > E(u) for ADu. 
pis ECA+0)-=-E(A). * 
3 lim, , ee 9) = 0, lin, _, et) = 1. 


A resolution of the identity will be said to be finite, if 
there isa A, such that E(A, ) =0 anda Ay such that 
E(A,) ah ee ne 


* E(A+0) = lim, gE(Ate™), E(A-0) = lim, ,E(a-e°). 


**The following are examples of a resolution of the identity. 
(a) PLSG eas $_1> $5, $,, ..- be a complete orthonormal set 
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It follows from Lenma 6 and 8 of Chapter VI, §1, that if 
A, » Ay» E(A, ) - B(A, ) is a projection. It follows from 
Lemma 5 of Chapter VI §1, that if A, 3 A, > My > Hy, then 
(B(A, )-E(A,))(E(u, )-E(uy)) = 0 since E(A, )-E(uy) = E(A, )-E(A,)+ 
E(A,)-E(H, )+E(H, )-E(y,)- It is also a consequence of Lemma 8 
that K(A, )E(A,) = E(min(A, ,A,)) = E(A, )E(A, We 


DEFINITION 2. If b> a, we shall define a "partition" 
T of the interval (a,b) as a set of points Xo = 4, XX, 
Koy ses » X= dD, with x, < X,,; Which subdivides the 
interval (a,b) into n smaller intervals (X14 2%Xq)- 
The interval (XQ 4 sXy) will be said to be marked if a 
point xj with at < xy < X, is chosen in it. If each 
smaller interval of MT is marked, we will say that the 
partition TT is marked and denote the marked partition 
Teo Jee Th is a subdivision VorV,2 +++ + Vn such that 
every X,= Jp for some RB, then Ny is called a finer 
subdivision of TTI. We indicate this Th 4+ TT. The mesh of 
a@ subdivision m(IT) = max(X -Xy_, Ne Ie JOC abs. ey seseyoule 
ution of the identity, (A) a complex valued function 
defined on the interval a «4 A < b and TI' a marked sub- 
division of this interval we define 


Tp GAE(A) = EY 1o(x1)(E(x,)-E(xy_,))- 


LEMMA 1. Ty pAE( A) is a bounded transformation with 
bound C = max|o(x})|. We also have 


(a) Ly, SE(A )+ Lh AE(A) = X1(o,+$, )AE(A). 

(b) (Zp AE(A) (EZ 1p ,AE(A)) = Ly) >4E(A). 

Co) (LppPAR( AEF) = E7 ,O(aL)((E(x,)-Bix, NP,f)s 

(4) IE aR(ayel® = 5% lo(xyyl?-1(B(x,)-E(x,. ,))f12. 
ee ee 
whose indices range over the integers from -ca to o. If 
M(A) is the manifold determined by the ?, for which a<¢A, 
and E(A) is the projection on M(A), then one can easily 


verify that E(A) is a resolution of the identity. 
(b) Let us realize as ¢& (Cf. Chapter III, §4, Defini- 


tion 1). If A 0, we define §.(x) = OO, elias Anca 
My (Re 1 wher x CA, xx) = 08 if AC ae IF Ay. 
(x)= It is readily verified that the transformations 


xX 
aéPined by the equation E(A)f(x) = y.(x)f(x) 
omtnenianntins. ) X 4 )f(x) form a resolution 
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These results are immediate consequences of 
(ECA, )-E(A,)) (E(u, )-E(u,) = 0 Af a, > Ay 2 H, > H+ 
Thus 
Ep OE ee = hice plo(xy1P+|(B(xy)-Blxy_, £17 
hg ey ade Ee Se 16 sete D9 i 
= 0°|(E(b)-E(a) )f]* Kd Cc Biel 


DEFINITION 3. We shall say that §[Pg(a)dE(A)f exists 
for a given f if there is an element f* in 5 such 
that for every sequence of partitions Ny, sVT55 Sog fibkelat 
that TT, x Ty-; and m(Tl,) —* 0 as n-—~ oo, then 


| f*- Big ==> On 
We define ie $(A)dE(A)f = 


LEMMA 2. Let (A) be continuous on the interval (a,b), 
and let TT' and MH denote two marked subdivisions with 
TL, @ finer subdivision of TI. Given an e > 0, there is 
a number up = u(e) such that if the mesh of TI, m(MT1) is 
€ w(e), then 


JE prGaE(A)E-£ pygaB(ale| ¢ elf. 


PROOF: Since @ is uniformly continuous, we may define 
u(¢) as the 6(€) > 0, such that when [x,-x,| < 6(€) then 
I(x, )-$(x,)| < €. Let us suppose m(TT) gH. We define 
On: (x) by the equation Or (X) =@(x}) if x,, CeK EK Xe 
Since m(TT) <u, lor: (X)-$(x)| . Furthermore for TLS 
Hence the transformation 

Eta eh Abd) 
= ay cls Hoe big 
has a bound ¢« by nis 1 above. 


The existence of Li $(A)dE(A)f follows from Lemma 2 in a 
manner entirely analoguous to the proof of the existence of the 
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TOO 
Rieman-Stieljes integral in the ordinary sense. Thus Lemma 2 
implies that every sequence of partitions TN, slp Aare, Veeistal 

111 have 
Me elle, and UA I) a) as N—*+o WwW 
Epp lPAE(A)L convergent. The sequences Tf1, silo. y2 gon iatel 
TY, arte pe eee will have the corresponding <£ convergent to 
the same limit as one easily sees if one considers a subdivision 
i which is a finer subdivision of both Tht and TM ,o° 


THEORFM I. If (x) is a continuous function on the 
interval a¢x<b, then for every f, 


te = (Pg(a)aR(a)f 


exists. Tf is linear with bound ¢ max, Ce pe(X). If 
o(x) is real, T is also self-adjoint. - 


The continuity and the bound of T are consequences of 
Lemma 1. Suppose 9(x) is real. If we let for the moment 
ts Is In oAE(A) we see that each T, 1s self-adjoint. Thus 
for every ie Ehavol fey 


(Tf,g) = lim(T fg) = lim(f,T.g) = (P50). 
Hence T is symmetric and since it is linear it is self-adjoint. 


LEMMA 3. If H-= §P9(A)d@B(A) for (A) real and con- 
tinuous then 


(HE,£) = §p(a)a(E(a)L,f) 
where the integral is the Rieman-Stieljes one in the ordinary 


sense. C, for H is £™x, ¢ x ¢ px) = M, when M &% 0. 
(C_ silere Et Shs 2 min, x ¢ pe(X) =m when m< 0, 


Ine |® = SPig(ay|Palwiayel?. 


This Lemma follows readily from Lemma 1 above. 

We may remark that the conditions M)>0o, m<o in Lemma 3 
are necessary because there may be non-zero if 'g such that 
(E(b)-E(a)f = 8, If no such f occurs, these conditions may 
be omitted. (Cf. Lemma 1 above and its proof. ) 


LEMMA 4, If adga' <b! <b 
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(Seg. A)aB(A))(B(b!)-B(at)) 
= (E(b! )-E(a!) )§Pg(ayaw(a) ~ fig (A)aE(A). 


This is easily seen if one considers the orthogonality re- 
lations for the differences E(x ,)-E(x ) 


We can now point out the precise circumstances under which, 
we will have C, < max, x ¢ pe(x) = M, M>o in Lemma 3. 
Let Ay be a point of the interval (a,b) for which 9(A,) = 
Then there are two numbers A, and As in the interval (a,b) 
with A 4 Ay < Ay» A, + A, and such that for A, gA < As 
(A) > C,+6 fora 6-802 

For any such pair, we must have E(A, )-E( A,) = 0. For let 
f be in the range of R(A,)-E(A, ). Then Lemma 8 of Chapter VI, 
§1 and the preceding results imply 


iat ae f) = (SaMAIAEA) (BIA, )-E(A, ) )f,f) 
= (Sy re ai i eae: 2 


Ay 
—5~ g(A)AIE(A)EI> > (C +O, 2alR(a)r}= 
eae wabacne Fj). (0 eres )-E(A, ))f,f) 
= (C soiel?. 


aa definition of C, implies that this is only possible if 
If|* 


A further consequence of this situation is 
SPg(ayaw(a) = $a O(AIGB(A)#S, 9 (AGEL). 


LEMMA 5. For , (A) and $,(A) continuous, we have 
(a) fq, dB(A) +f29,aB(A) = §(p, +6, )aB(A) 
(b) — (FPp, (AYAB(A) )(SP@,(AAB(A)) = §[26,6,0B(A). 


PROOF: The statement (a) is obvious. To show (b) we note 
first that since 9, is continuous on a closed interval 
Ip, (A)I is bounded by some C. As in Lemma 2, we can finda 
function ule) defined for e > 0 such that if |x,-X,| < u(e) 
Ion (X, )-$,(x,) | <€ and also such that if m(M) < u(e) and 
| <7, then 


IZ 1h, 4E(A)f- arieew y=) < elf. 
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Letting m(TT$ ) — > 0, we have 
|Z pidoAB(A)E-Shop(A)AB(A)E] < elf. 
Hence by Lenma 3, since. I>, | <aiCrs 
See, (A)GE(A) £ 1p 4E( A)E- ($e, (A)dE( A) 16g, dB(A) FI g Celfl. 
Now let 9, m be defined as in Lemma 2, 1.¢. Po r(x) = 
(4) se tres, Gorn Xue Then Lemma } pees 
a a 
WON eee E et PS (KG Mig Oy (AIGE(A) 
= Sab. pqr(A)o, (A)GE(A). 
The preceding inequality now implies 
ISPs rr, GB(A)-(SPG,aB( A) )([0,aE(A))] ¢ Cer. 
However Io pr (X)-b5(%) | < €. Thus 
Sade ror SEAS $3 ,o,9B( A)EL? = 19201 (5 pop BLA) E |? 
= $216, 1b. pine) al B(a)el® ¢ c%e? Ir 1*. 
This and the last inequality of the preceding paragraph imply 
| (§Pp,aB(A)) (SP, ae(A) )£-SPp, aH AL] < 2Celf]. 
Since e is arbitrary, we must have for every f, 
(SPq,am(a))(S2q,4B(A)) = 2p ,gQ0B(A), 
which implies the last statement of our Lenma. 


LEMMA 6. If (x) is continuous and >o0 for a< 
x ¢b then the zeros of T= §Pp(A)dE(A) form the range 
of 1-E(b)4+BE(a). 


Let Ny denote the range of 1-E(b)+E(a). Since every 
E(x,)-E(x,_,) im Ip, gAE(A) is orthogonal to ‘-E(b)+E(a) it 
follows that No Ge: Ny is the range of E(b)-E(a) and we 
shall show that if f+ 06 isin No» then Tf + 6. 

Since E(a+0) = E(a) (Cf. Definition 1 of this section) and 
since (E(b)-E(a))f = f+ 6, we can find an a' such that b » 
a' >a and (E(b)-E(a')f + 6. Since (x) > 0 and continuous 
for, bx > a', 1t follows that there isie. 6 > 0, such that 
$(x) >6 in this interval. 


(TP,f) = SPo(x)a(ware,f) > SP g(x)a(B(A)E,£) 
2 §((E(b)-E(a)f,f) = 6|(E(b)-E(a'))f/2 > o. 
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Hence Tf +0 and Wen = {0}. Since % Cm Corollary i to 
Theorem VI of Chapter II, §5, will show that Ny Se 

If $(b) = 0, the same sort of argument will yield that the 
zeros of T form the range of 1-E(b-0)+E(a). If (c) = 0 
fora c between a and b and (x) +0 otherwise, the zeros 
of T form the range of 1-E(b)+K(c)-E(c-)+E(a). This result is 
easily generalized to the case of n zeros. 


§3 


We deal in this section with “improper” integrals. There are 
a number of possibilities for improper integrals. For instance, 
we may have that (x) has a singularity at x =a. Then we 
define = 
b sf Db 
SAA )GE(A)P = oo Se 2(ADE(A)E 


when this limit exists. This will be called an improper integral 
of the first kind. The second kind is defined by the equation, 


< b 
§_a, PAIGE(A)E = g, Lim, Sgo(a)ae(aye 
when this limit exists. The discussion that follows is analog- 


ous in each case. We will therefore at times prove our results 
only for the second kind and assume them for both kinds. 


LEMMA 1. If -a <add b< co, then 
(E(b)-E(a))§ g(A)dE(A) C (J, &(A)dE( A) )(E(b)-E(a) ) 
= §Po(A)dE(A). 


PROOF: If f is such that Jf (A)dE(A)f is defined, we 
have by Lemma 4 of the preceding section, that 


(E(b)-E(a) $2, @(A)AB(A)f = (E(b)-E(a)) 1am § Pi p(ayam(ayf 
= lim (E(b)-E(a) )[P@(A)GE(A)E = Lim SPq(A)AE(A)E = SRo(A)aB(A)E 
= lim §°1 g(A)dE(A)(E(b)-B(a))f = [2 @(A)AB(A)(B(b)-E(a) )f. 


This proves the inclusion and the equality is proved by a similar 
argument. 


LEMMA 2. For a fixed f € K, the following statements 
are equivalent. 


74 VII. RESOLUTIONS OF THE IDENTITY 
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(a) a P(A)GE(A)f exists. 
(b) § 2, 19 (A) |PalB(A) EL < oo. 
(c) For every g, 
F(g) = [= (A)d(E(A)g,f) 
exists and F(g) is a linear functional. 


We first show that (c) implies (b). By Theorem I of §3, Chap- 
ter II, there exists a constant. C such that |F(g)! ¢ Clel. 
Let g= f(a )aB(A)E. Lenma 4 of the preceding section implies 
that (E(b)-E(a))g = g and thus 

Fg) = §% @(A)a(E(A)£,g) = lim [Pi@(a)a(B(A)E,g) 
= lim (SPrp(Aa(E(A)£,8)) = lim (SP 6( A)dE(A )f, (E(b)-E(a) )g) 
= lim ((E(b)-B(a) fOr p(ayaB(a)f.g) = (SPp(ayaB(a)f,g) 
= (g,8) = (gl? 
Thus lel? ¢C-lgl or Iegl < C. Lemma 3 of the preceding sec- 
tion now implies 
SPlecaylPalgcayel? ¢ c?. 

Since this is true for every a andb, we have (b). Thus (c) 
implies (b). 

Now (b) implies (a). For if a'<a<b<b! we have 

ISBrp(a)ae(aye-fPgcayan(aye |? 
= Sarlol?aiw(aye|?4f?" jo) 2apm(aye |? 

by Lemma 3 of the preceding section. This is easily seen to 
yield that (b) implies (a). 


Finally the continuity of the inner product insures that (a) 


implies (c). These three results yield the equivalence of the 
three statements. 


THEOREM II. If (A) is real and continuous for 
-e <A< we, He We eA)GE(A) is a self-adjoint trans- 
poe whose domain consists of all f 's such that 
Weeletediletayt |9< oo “and! ||pehare fe, lelPal (aye 2 


PROOF: Hf exists if and only if fm lol?ale(aye|? < 
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since (a) and (b) in Lemma 2 are equivalent. Lemma 3 of the pre- 
ceding section implies |HE|* = ee Ip|PalE(a)el®. 

We next show that H is symmetric. (Cf. Def. 1 of §3 of 
Chapter IV) If f € %, 3 of Definition 1 of the preceding 
section implies that there is an a and b such that |f-(E(b)- 
E(a))f| < e. Lemma 4 of the preceding section implies that 
(E(b)-E(a))f is in the domain of H. Thus the domain of H is 
dense. Lemma 3 of the preceding section and the continuity of 
the inner product imply that (Hf,g) = (f,Hg) for every pair f 
and g of the domain of H. 

Thus HC H*. Now let g be in the domain of H*, and 
H*g = g*. Then for every f, 


(£,(E(b)-E(a) )g*) = ((E(b)-B(a))£,g*) = ((E(b)-E(a) )f,H*g) 
= (H(E(b)-E(a))f,g) = § ()d(E(A)f,g) 


by Lemma 1 of this section and Lemma 3 of the preceding section. 
Thus 
F(f) = S& g(A)a(E(A)F,g) = lim fg(a)a(H(a)f,8) 


= lim (f,(E(b)-E(a) )g*) = (f,g*) 


is a bounded linear functional and hence Neen Ip] -alE(A) ge} > <0 
by Lemma 2 above. Hence if g is in the domain of H* it is 
in the domain of H. This and H C H* imply H= H*. 


COROLLARY. If H= §Pp(A)aE(A), where (A) is real 
and continuous for a<A¢b, then H is a self-adjoint 
transformation defined for all f 's such that 
PlelPalwiayel? <a and |HeI? = (2lglPalB(ayrl?. 


The proof of the corollary is similar to the proof of the 
Theorem. 


LEMMA 3. Let H = $(A)dE(A) be an improper integral. 
Let dD, be a subset of the domain of H defined as follows. 
If H= S™ o(A)dE(A), then 2D, consists of all g's 
for which there exists an a, anda b, such that g= 
(E(b)-E(a))g. If H= 540 A)dE(A) for a (A) which is 
continuous for a<A¢b, then D2, consists of all g's 
for which there is an a, >a such that (1-E(a'))g = g. 
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let H) be the contraction of H with domain D,. Then 
[Hy] = lal, 


Since by the preceding theorem, H= H*, H is closed. Hence 
[Hy] CH. On the other hand if {f,Hf} is in the graph of H, 
then given ¢> 0, we can findan a anda b such that 


|HE-H(E(b)-Bla) )f] = SP lolPalw(are|?+ fey, lelPale(ayel® < &/2 

and 

|f-(B(b)-E(a))f1° < €°/2 
by Lemma 1 of this section and the preceding Theorem. Now g= 
(E(b)-E(a))f is in the domain of Hos Thus the above inequali- 
ties imply 

[if Hey ie.Hoel i> < ea 
Since e€ is arbitrary, it follows that f is in the domain of 
[H)]. Hencomes Hae ([H)]. The inclusions established in this para- 
graph show that H = [H)1]- 


The proof is similar in the case of an improper integral of 
the first kind. 


LEMMA 4, Let H, = S'S o,(A)dE(A), H, = STZ o,(A)dE(A) 
for 9, and $ continuous. Then H,-H, is a transforma- 
tion with domain, those f 's for which Nees lo, |°alB(aye|® 
< @ and ioe 1,1? al E(a)e | ® < ce. For the contraction 
given in the preceding Lemma, we have H,(H,) > = (H, 9° (Hy do 
= (By): Finally [H, "Hy ] = Hy. Similar results hold in 
the case of an improper integral of the first kind. 


If f is in the domain of H, *H,, then both Hf and 
H, (Hf) exist. "Hf exists" is equivalent to 


2 
Views I, | “al E( A\EI> <co by Lemma 2 above. On the other hand, 
when Hf and H,H,f exist, 


Hy(Hpf) = lim Pq, dB(A) (S_ o,dB(A)P) 
= Lim §2,dB(A)(E(b)-B(a) )S% @,aB(A)E 
= lim (24, dB(A) (fPg, (A)aE(A) )f 
Lim §24,0,dE(A)f = S@, $,4,0B(A)f 


by Lenma 4 and 5 of the preceding section and Lemma 1 of this 
lo 
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section. Thus f is in the domain of H, and we must have 
SSS, 1,9, 1°alB(A)fI® < co. On the other hand, if the f 's sat- 
isfy both conditions, a similar argument shows that H,f = H, : 
(Hf) and thus f is in the domain of H,-(H,f). We may sum 
up by stating that the domain of H, *H, is the intersection of 
the domain of H, and H,. 

We note concerning the D, of the preceding Lemma, that if 
f€, then by Lemma 1 above Hf = en $(A)dE(A)(E(b)-E(a)f) = 
(E(b)-E(a) ape $(A)dE(A)f = (E(b)- B(a))Hf. Thus f €D, implies 
re Do. It follows then that H, (H,) > is precisely (H, )o( Hy) g 
Furthermore Lemma 5 of the preceding section and Lemma 1 above 
yield that if f€ Do» then (H, 57 (HB) 5 = Thus 
(Hy )o*(Hy)9 = (Hy) o- 

The first paragraph of this proof shows that H, *H, @ H,. 

Thus (H, ce c Hy. On the other hand (H, °H,] 3) ((H, mae! 

= ((H, Yo ] = E, by the preceding lemma. Hence (H, *H,] = H 
he ae that if $5 is bounded the condition 

fre 1,1 -alE(aA)f|> <co is always satisfied. Under such circum- 

stances, one has H, *H, G H, *H, =H 


(Hy) of. 


ool 
3° 


3° 


LEMMA 5. If a continuous ¢$(x) is >0O for a<x¢b 


and E(a) = 0, E(b) =1, then H= f>p(A)dE(A) has an 
inverse K= SPg a)” 'am(a). 


PROOF: In Lemma 4, let H, =H, H,=K, H,= fPam(a) = 
E(b)-E(a) = 1. The remarks saahai anes pieteaice the present 
Lemma show that HK C KH= 1. Now Lemma 6 of the preceding sec- 
tion shows that H’' exists and KH= 1 shows that H! CK. 
HK C 1. shows that K has an inverse since Kf = 96 implies 
1-f = HKf = HO = 6. Since the range of H' is fi however, 

H | has no proper extension and thus He sik 
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DEFINITION 1. If T is bounded and H is self-adjoint, 
and TH C HT then T is said to commute with H. 


LEMMA 1. If T commutes with H then 
(a) T* commtes with H. 
(b) if H is bounded, T commutes with H, H etc., 
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and any linear combination of these. 

(c) if H has an inverse, T commtes with fa A 

PROOF OF (a): Theorem V of Chapter IV, §2 and its corollary. 
tell us that HT* = (TH)* D> (HT)* D> T*H. 

PROOF OF (b): Since TH= HT when H is bounded, this alts 
obvious. 

PROOF OF (c): TH C HT is equivalent to the statement that 
for every pair {f,Hf} in the graph of H, Mipesavshins alts) alia “wlae) 
graph of H. This condition is symmetric for H and H' and 


thus if 7 commtes with H, T commtes with H'. 


LEMMA 2. If T commtes with {E ANCA: where E(a) = 
0, E(b) = 1, T commutes with *fPp(ayaE(A ) where 
(A) is continuous for a¢x¢b. Also T commutes 
with E(A) for a<a¢b. 


PROOF: Let pix) be any polynomial AX +B, ee. ae +859 
and let p(H) = a ra +8,_ Has Ds vee +80. Lemma 5 a §2 above and 
1 = E(b)-Bla) = SPAE(A) amply p(H) = fPp(ayag(A). Lemme 1(b) 
above shows that T commtes with p(H). If (x) is contin- 
uous on the interval a<¢x <b, we can find a sequence of poly- 
nomials Py (x) such that Py, (x) — > (x) uniformly in the in- 
terval a ¢ x <b. Now §Pp(A)GE(A)-p,(H) = §2((A)-p,(A) dB(A). 
Hence Lemma 3 of §2 above shows that p,(H)f —> Sep eae 
for every f € 3. Thus pe o(A)dE(A)f = lim Tp,(H)f = 
lim p,(H)Tf = SPg(A)aE(A)TF for every f in ®. Hence T com 
mites with §2o(A)dE(A). 

We next show the last statement of the lemma. Since T obvi- 


ously commites with 0= E(a) and 1 = E(b), we need only con- 
sider the E(M) with a<cucb. For e€> 0, let o(x,u,e) = 1 
for X €u, >(X,m,e) = 1-(x-w)/e for pdx < pre, (x,p,€) = 0 


for x > ute. Now @(xX,u,€) is continuous and hence H(y,e) 
§Po(A,u,€ )aB(A) commutes with T. Since {Mo(A,y,€)dE(A) = 
E(y)-E(a) = E(u) and ie oV4H,€)dE(A) = 0 we have H(,e€)- 
E(u) = SU'So(A,n,€)GE(A). Then |(H(u,e)f-E(u)f) |? = 

ISH Ar pe AB AE? = SE Ig /2alB(alrl? ¢ SH ajzcaye|? = 
JE(u+e)f |] @-|E(wjf-. Since E(yw+e) —+ E(u) as e— +0, we 
must have H(wy,e)f —+ E(u)f for every f. Since T commutes 
with every H(w,€), it is readily seen as in the preceding 


§4. COMMUTATIVITY AND NORMAL OPERATORS 19 
paragraph to commte with the limit E(u). 


DEFINITION 2. A c.a.d.d. operator A will be said to 
be normal if A*A = AA*, 


LEMMA 3. Let A and B be normal and let A*A = B*B. 
Let W be such that A=WB as in Theorem VII of §4, 
Chapter IV. Then W commtes with A*A. Also the initial 
set of W is also the final set of W. 


PROOF: WA*A = WAA* = WBB* = AB* = AA*W = A*AW when one uses 
the results of Theorem VII of §4, Chapter IV. 

Now A*!', which is defined in Theorem VIII of §4, Chapter IV 
has precisely the same zeros as A*. For A*! is a contraction 
of A* and hence My: C %y- On the other hand, if A*f = 6, 
AA*f exists and hence f is in the domain AA* which is of 
course the domain of A*'. Thus f € %, implies f € Myr. 
This and our previous inclusion imply My» = Thx 

Now under our hypotheses AA* = A*A = B*B = BB*. But AA*f = 
6 is equivalent to A*'f = 6. The latter obviously implies the 
former. If however we have AA*f = 6, then f is in the domain 
of A*' and 0 = (AA*f,f) = (A*f,A*f) = (A*'f,A*'f). Thus 
Man = Thar = Thaw = Tepe = Meer = Myx. Since by Theorem VI of 
Chapter IV, §2, [Raz] =Mpx,» we have [R,] = [Rp]. But these 
sets are respectively the final and initial sets of W. 


LEMMA 4. If A and B are self-adjoint and A = WB 
where W is partially isometric with initial set [Rp] 
and final set [R, ] and W commtes with B, then W = W*, 


PROOF: By the corollary to Theorem V of §2, Chapter IV, A* 
= BYW*. Since A and B are self-adjoint, this becomes A = 
BN*. Lemma 1 above shows that W* commtes with B. Thus W*B 
Cc BN* = A=WB. Since W*B and WB have the same domain, we 
have W*B =WB. This means that W*g=Wg for g in the range 
of B. Since W* and W are continuous, we may extend the 
equation W*g = Wg to the closure of the range of B. 

Now A=WB, A*A = B*W*WB = B*EB = B*B, where E is the 
projection on [Rp] the initial set of W (Cf. Lenma 1 of $3, 
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Chapter VI). Since A and B are self-adjoint they are normal. 

Thus the initial set of W is also the final set of W by 

Lemma 3 above. Lemmas 1 and 3 of §3, Chapter VI show that this 

set is also the initial set of W*. Thus W and W* are zero 

on the orthogonal complement of the initial set [Rp] of W. 
Thus W =W* on [Rp] and on [Rp] - Since W and W* 

are additive, we must have W = W*. 


CHAPTER VIII 


BOUNDED-SELF-ADJOINT AND UNITARY TRANSFORMATIONS 


A self-adjoint operator H is said to have an integral rep- 
resentation if 


H= [ AdE(A) 


for a resolution of the identity E(A). (Cf. Chapter VII, §3). 
A unitary UW is said to have an integral representation, if 
U= f2™eHak(u) for a finite resolution of the identity. (Cf. 
Chapter VII, §2, Def. 1). 

It is a fundamental result in the theory of linear transfor- 
mations in Hilbert space, that every self-adjoint transformation 
has an integral representation. Every unitary transformation has 
likewise. However both of these are normal and these results can 
even be generalized to the statement that every normal operator 
has an integral representation. 

These general results will be established in Chapter IX. In 
the present Chapter, we will obtain the integral representation 
for bounded self-adjoint transformations and for unitary trans- 
formations. 


§1 


In this section, we will suppose that H is self-adjoint and 
bounded with IiiHi! =C. If p(x) = ante, et oo. + & is 
& polynomial, we let p(H) = a H+a,_,H ee +8). We consider 
only the case, when the a 's are real, and thus p(H) is self- 
adjoint. (Cf. Theorem V of §2, Chapter IV. Also Chapter IV, §3, 


Lemma 4). 


IFMMA 1. If for -C¢x¢C, p(x) > o then p(H) is 
definite. 


Let M denote any finite dimensional manifold and E the 
projection on M. Let H' = EHE. By Theorem V of Chapter IV, 
§2, H'* = (EHE)* = E*H*E* = EHE. Hence H' is self-adjoint. 
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Furthermore |H'f| = |EHEf| ¢ |HEf| ¢ C-lEfl <oCe lf | as iy 
has a bound < C. 

Let p'(H') = ati sa, )H ... 485E. Lemma 5 of $1, 
Chapter VII shows that if f is € mM, and “p(x))> O. for eeC 
¢x¢cC, then 

o< (oN t)- 

If f is an arbitrary element of KR let M be the manifold 
determined by PRS. Hor 5 Ce ee severe incr, 
sional. Furthermore f = Ef, Hf = EHf = EHEf = H'f, Hf = 
FH°f = EH-Hf = EH-E-Hf = H'-H'f. A similar argument will show 
Hr = H'Xe for 2 ¢k¢n. Thus p(H)f = p'(H')f. Thus for 
every f, (p(H)f,f) = (Gay Osi Re ai) 2 o. This proves the result.. 


LEMMA 2. If for -C¢x<¢C, Ip(x)l ¢ ¢, then 
in p(H)m ¢ &. 


PROOF: Under these circumstances, Lemma 1 states that p(H) +e 
is definite and e-p(H) is definite. Thus 0 < ((p(H)+e)f,f) 
or -e(f,f) ¢ (p(H)f,f). Hence C_ for pH). as > -«. (Cr. 
Chapter IV, §3, Definition 4). Similarly C, < e. Lemma 10 of 
Chapter IV, §3 now implies that Illp(H) < e. 


LEMMA 3. If P(x) is a continuous function on the 
interval -C ¢x¢ OC, then there exists a unique bounded 
operator, P(H) such that for every €> 0 and every 
polynomial p(x) such that |P(x)-p(x)| < e for -C<¢ 
x ¢€C then #P(H)-p(H)W < e«. . 


PROOF: The existence of one such P(H) can be established as 
follows. Let €,» €» ome, > 0 be a sequence of positive 
numbers such that Cpe 0 ee CO Simce eG) smcon= 
tinuous, we can find for each e, & polynomial Py(*) such 
that BiG) xX - 
iy nee Pat pre Ri ie te that for 

= n m n Py (X) | ss Sather 
Lemma 2 above shows that Wp, (H)-p,(H) il < €tSn: Hence for 
every f €H, Ip, (H)f-p,(H)fl ¢ (e,+e,)-1f| and the sequence 
p, (Hf is convergent to some f*. Let P(H)f =f*. The 
sequence Pp, (4) is easily shown to be uniformly bounded by 
Lemma 1 above. Hence P(H) is bounded. 
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We prove that P(H) has the property given in the Lemma. 
For suppose |P(x)-p(x)| <e for -C¢ x <C. Since P and p 
are continuous, we can find a 6> 0 such that |(P(x)-p(x))| < 
e-6. let n, be such that for n > Ao ase, << (hy Unateyal alta aia i 
we have Ip(x)-P(x)| < ee <6 for -C<¢x¢0C. (See preceding 
paragraph). Since we also have |P(x)-p(x)|] < e-6, it follows 
that Ip,,(x)-p(x) | < e. Thus for every f, |(p,(H)-p(H) )f| < 
elf|. This holds for every n> no: Letting n— +o we get 
|P(H)f-p(H)f| < elf|. This implies |) P(H)-p(H)Il < e. 

P(H) is unique. For suppose we have two distinct operators 
P, and P, with the given properties. Since given e > 0, we 
can find a p(x) with |P(x)-p(x)|< € we mst have MP, (H)- 
p(H)® < € for i=1, 2. Hence MP; (H)-P,(H) < 2e. Since 
€ is arbitrary, this implies i P,-P,0 = 0. 


LEMMA 4. If P(x) and P(H) are as in Lemma 3 above 
Ghemss(a)2 cf Pix): = Po (x) is a polynomial, then P(H) 
=p,(H). (b): If P(x) a0 0D gC: <x C20, then’ PCH) 
a8 darioite. (ej: TheelP(x) |< ky for. -Ci< x< C0, then 
§ P(H) i ¢ k. 


(a) is a consequence of the uniqueness of P(H). 

We next show (b). Let eo and Py(x) be as in the first 
paragraph of the proof of Lemma 3 above. let dy( x) = Py(X)+€g 
Then a,(x) = py(x)+ey 2 P(x) 2 0. Hence aq (H) is definite by 
Lemma 1 above. Forevery f, limgq,(H)f = lim Pg(H)f+ Jim ¢f = 
P(H)f. Hence P(H) is the limit of definite operators and can 
be shown to be symmetric, self-adjoint and definite. 

(c) is proved in a manner analogous to the proof of Lemma 2 
above. 


LEMMA 5. Let P(x), Q(x) and R(x) be continuous 
functions and let P(H), Q(H) and R(H) denote the cor- 
responding operators in Lemma 3. Then (a): If R(x) = 
P(x)4Q(x) for -C<x<C, then R(H) = P(H)4Q(H). 

(bo): If R(x) = P(x)*Q(x) then R(H) = P(H)°Q(H). 


PROOF OF (a): Given e¢ > 0, we can find polynomials p(x) 
and q(x) such that |P(x)-p(x)| < €/2, |Q(x)-q(x)| <e/e for 
-C¥x¢C. Then |R(x)-(p(x)+q(x))] = |P(x)-p(x)4Q(x)-a(x)] <e 
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on the same interval. Lemma 3 now implies that i!R(H)-(p(H)+ 
q(H))m < e, WW P(H)-p(H) ll < e/2 and ff Q(H)-q(H) m < €/2. 
These inequalities imply iWR(H)-(P(H)4Q(H))a<2e. Since ¢€ is 
arbitrary we must have §R(H)-(P(H)+Q(H))® = 0, R(H) = P(H)+ 
lal)o 
e oe OF((b): Let k be such that (P(x)l41 < ky WOts)] <le 
for -C¢x¢1. Let € be such that o<¢¢ 1. We can find 
polynomials p(x) and q(x) such that k|P(x)-p(x)| < € and 
k1Q(x)-q(x)| <e for -C¢<x€C. Since k > 1, we have 
|P(x)-p(x)| < e/k < € which implies |p(x)| < |P(x)l+e ¢ IP(x)] 
+1 <k, for the given x -interval. Lemma 4 above then implies 
that w#p(H) mw < k. Lemma 4 and the other inequalities imply 
MQ(H) & <k, kW P(H)-p(H)m® <e and kWQ(H)-q(H)# < «. Now 
for -C¢x<¢C, |R(x)-p(x)q(x)| = [P(x)Q(x)-p(x)a(x)] = |P(x)- 
Q(x)-p(x)Q(x)+p(x)Q(x)-p(x)q(x)] ¢ 1Q(x)]-]P(x)-p(x)]+Ip(x) I> 
1Q(x)-q(x)| < k]P(x)-p(x)]+k1Q(x)-a(x)| < 2e. Thus Lemma 3 
implies that m|R(H)-p(H)q(H)i< 2e. We also have’ mP(H)Q(H)- 
p(H)q(H) mM = mM P(H)Q(H)-p(H)Q(H)+p(H)Q(H)-p(H)q(H) m ¢ m (P(H)- 
p(H) )Q(H) i + p(H)(Q(H)-q(H))  ¢ MP(H)-p(H) m+ NQ(H) m+ 
fl p(H) -mQ(H)-q(H) " < kW P(H)-p(H) m +k Q(H)-q(H) m < 2e. 
This and the preceding result imply Mm R(H)-P(H)Q(H) m < 4e. 
Since ¢ is arbitrary, we must have R(H) = P(H)Q(H). 

If A is c.a.d.d., we let Np denote the zeros of A. If 
Ra is the range of A and A is self-adjoint then [RR] =M}. 
(Cf. Lemma 8 of §3, Chapter IV). For definite operators, we also 
have the result. 


LEMMA 6. If A and B are self-adjoint bounded and 
definite, then Mp © %, and consequently [Ral ¢ [Ra pl 


PROOF: Let f be such that (A+B)f = 6. Then o=((A+B)f,f) 
= (Af,f)+(Bf,f). Since (Af,f) > 0 and (Bf,f) > 0, this 
implies (Af,f) = 0. a 7 

For every f and g, we also have the result I(Af,g)|° < 
(Af,f)(Ag,g). Inasmuch as A is definite, we have for every 
real A and every complex z with |z| = 1, 


(A(f+Azg,f+Azg) > 0. 
Expanding and using the symmetry of A, we get 
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(Af ,f)+2AR(Z(Af,g))+a°(Ag,g) > 0. 
We may take z so that R(z(Af,g)) = |(Af,g)|. Hence 
(Af,£)+2A] (Af, g)|+A°(Ag,g) > 0. 


If (Ag,g) = 0, this implies |(Af,g)| = 0 and our desired 
inequality holds in this case. If (Ag,g) +0, let A= 
-|(Af,g)/(Ag,g) and the above inequality becomes 


2 
(Af,f)- ip AfeelL Sra. 


Hence (Af,f)(Ag,g) > |(Af,g)|®. 

From the preceding two paragraphs, we see that if (A+B)f=60, 
(Af,f) = 0, and hence (Af,g) = 0 for every g€ 5%. Hence 
Af = 6. Hence f € hip implies f € Thy or Ny iB CRy- The 
orthogonality relations mentioned before the Lemma, yield 
[Rap] ») [Ry]. 


§2 


We now consider two functions P(x) = MA X=IM5/0)) Qu (x) = 
max (-(x-u),0). P(x) and Q(x) are continuous, non-negative, 
Q(x) P(x) = Py(x)Q,(x) = 0 and Py(x)-Q)(x) = x-y. Applying 
Lemmas 3, 4 and 5 of the preceding section, we obtain: 


LEMMA 1. Let P,(x), Qu(x) be as above and let 
P(A), Q.,(H) be the corresponding operators as in Lemma 
3. Then P,(H) and Q,(H) are definite, Q CH) P(A) = 
P (H)Q, (#4) = 0 and P(H)-Q,(H) = Hy. 


LEMMA 2. let Np) =Np (H) and E(w) be the pro- 
jection on (yu). Then (a): If 4, »; He» E(u,) 2 E(u,)- 
(b): Lim, , E(ute°) = E(y). (c): E(0) = 1, E(-C-e) = 0, 
for iee id. 


PROOF: If 4, » He» Py (x)-Py, (x) 20 and Py, (x) paalels 
Lemmas 4 and 5 of the preceding section imply that Py (H)-Py, (H) 
and Pu, (H) are definite. Lemma 5 of the preceding section 
implies that Py, (H) = (Py (H)-Py, (H))+Py, (H). Lemma 6 of that 
section now implies that 

vit 3, dove or E(u, ) > E(M,)- 


Pu, 
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We next prove (b). We first show that for every f € 4H, 

Tim oF penn)! = (H)f. One notes that o ¢ P,(x)-P., .2(x) ce 
bi Lemma 4 oe the erie ceding section implies that iP ,(H)- 

H) iil < e°, From this, we may easily infer that dim. 
eae P Gay: for every f. 

We also need that Lim, , E(u+e™) exists and is the projection 
on TeMp+e>). Ifs 5€,5) <r >... is a sequence with lim. « 
= 0, then Lemma 10 of §1, Chapter VI implies that hse 
E( ute.) exists and is a pe E with range TI, tes)- 

If e¢ is such that chee < e < ge, eo from the above, we 
know that E(p+en,,) ¢ B(u+e’) < E(u+es). From Lemma 6 of 
Chapter VI, §1, ie ee that if u, > Mp, then E(u,)-E(u,) is 
a ee and ee preceding poe permits us to state that 
E(u+es.,)- ie E(u+e-)-E < E(u+e5 )-E. Lenma 8 of $1, eres VI 
now ppt lee that for every f, [E(uses )f- oi A [E(u+e> )f-Ef | 
g [E(u+es ee) lee EO TLON that Lim, , (E(t ) exists and is 
i, since M(usen,,) : Npte-) C Nw+ee), we also have 

THN pte ® ) =71 aMuren ). 

Thus lim. | E(u+e? eet ORe TMn+e*) = Nw). Since 
Ny) C R(wse2), we must have Te Muse?) DN(w). But if fe 
MeMute*) then f € Npte°) ana Pi e2H)f = 6. Rat ae 0, 
we obtain by a result given above that Py (A)f = Gio ae 4S YtC)) 5 
Wowk; Ay TM y+e* ) abinjonlateys} a tS IN) c This and ae, C 
nT es ) imply Mu) = Kyt+e’) and E(p) = Lim, , E(ute>). 

Po(x) = OF for =Ci<Cix << C. Hence P.(H)f = 6 for every 
pK 5 and E(C)=1. If €> 0, then Bago. (z)-€ Si0e, ror. —C 
<x €C and hence OCR rae) e258) > 0, by Lemma 4 of the 
preceding section. Thus for every f, CP qce HES) >: ©: (Cha te) 
and Po_.(H)f= © implies f= 6. Thus M-C-e) = {6} and 
E(-C-e€) = 

Definition 1 of §2, Chapter VII now informs us that the 
E(u) 's form a resolution of the identity. 


COROLLARY. The EK(p)'s of Lemma 2 form a resolution of 
the identity. 


LEMMA 3. The E(u) 's of Lemma 2 above commte with 
H. Consequently if uy < m,, H(E(m,)-E(uy)) = (E(u, )- 
E(u, ) )H(E(u, )-E(uy)). 
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PROOF: Lemma 5 of the preceding section implies that HP, (H) 
and P (H)H both correspond to X+P (x) = Pi(x) +X. Hence 
HP, ,(H) = P (H)H and if P(H)f = 6, 9= AP (H)f = P(H)Hf. 
Thus f € %(y) implies Hf € Nu). It follows that HE(y) = 
E(y)HE(y). Taking adjoints yields E(yw)H = E(y)HE(yp) = HE(p). 

Thus H(E( py, )-E(u,)) = HEC uy, )-HE(y,) = E(u, )H-E(y,)H = (E(p, )- 
E(u, ) )H. Multiplying this equation on the right by E(u, )-E(u, ) 
will give the desired result. 

It is convenient to denote the interval H<x cd 4, by I and 
then let E(I) = E( My )-E(u,). 


Pee 2 Tf FE Wu), (Att) < w(t. fr)" If fF Ee R(y)*, 
(Hf,f) > H(f,f). 


PROOF: If f € Wy), P(A) = ©. Since (P,(H)-Q(H))f = 
Hf-uf, we must have ypf-Hf = Q,(H)f. But Lemma 1 above also 
tells us that Q(H)f is definite. Hence (yf-Hf,f) = 
(Q(B)f,f) 2.0. Thee "Wli,t) 2 (itt). 

Bret he, te [Rp (x)! by Lemma 8 of §3, Chapter IV. 
Lemma 1 above states that Qu(H)P,,(H) = ©, Thus No ( )? 
(Rp)! and Q,(H)f =e. Since (P,(H)-Q,(H)f = Hur, we 
have PY (H)f = Hf-ypf. Lemma 1 above states that P(A) is 
definite and thus (Hf-uf,f) = (P,(H)f,f) > 0. Hence (Hf,f) 
> H(f,f). 


LEMMA 5. For every f €5 and e > 0, we have 
(He,t) = §0,_,Ad(B(A)f,f). 


PROOF: Divide the interval -C-e < A<C into subintervals 
by the points uy = -C-e, <H haere « Hy i Cee Leb. ee 
denote the interval yp, , =e ge 4 Hy and E(I,) = B(uy)-E(uy_ Nie 
Lemma 6 of §1, Chapter VI, tells us that the range of ar) 
is MH TK Hy 4 )+. Lemma 4 above now implies that 


u- (BLJf.f) = wy (ETP B(T)f) £ (HE(L,)£,5(1,)f) 
$ pn fH If HI vf) = wg(E(Iy)f.f). 


We also have EU _ ,E(I,) = E(C)-E(-C-e) = 1-0, by Lemma 2 


above. Lemma 3 above then shows that 


(He,f) = (HC IO. jE(I,))f.f) = Lym (HE(I,)ff) 
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= Oj (E(LJHE(L)f.f) = Fy. (HELP, E(1,)f). 


The previous inequality on (HE(I,)f,E(I,)f) now yields that 


ra Pe reese eyanre4 Cte g he, gn in aul fee 


Lemma 8 of §1, Chapter VI, shows that (E(p)f,f) = |E(p)f!* 
is a monotonically increasing function of wu. Thus the right 
and left hand expressions in the preceding inequalities can be 
made to approach the desired integral simultaneously and our 
Lemma is proven. 


§3 


If we let H, = §°, ,AGE(A) by using Definition 3 of §2, 
Chapter ee then Lemma 3 of §2, Chapter VII implies that 
(H, ifvet i) =(¢ eae EU f). Lemma 5 of the preceding section 
araron that (He, f) = (he o-e AU(E(A)f,£) and thus for every 
f € HK, (H,f,f) r=3 (G38P 2) ae ((H,-H)f,f) = (Wp H,-H is sym- 
metric with domain 4 and hence self-adjoint. From Definition 
4 of §3, Chapter IV we see that Cy = 0,.0, = G,0 for uu 
and Lemma 10 which follows this definition yields il H,-H mh = 0 
Or l= H, - We have proved: 

THEORIM I. If H is self-adjoint with bound C and 
€> 0, then there exists a finite resolution of the identity 
E(A) such that 


H = §2,_,AdB(A). 


We can refine our result somewhat by using the considerations 
of §2, Chapter VII, which follow Lemma 4. If C, rope 33h sii! 
<C, we take a 6 so small that ¢ na) < C. In the discussion 
referred to, we tet A= C 475 A, = C. We then obtain that 
Seog AAE(A) = §arfaaw(A) for every 6> 0 and k(C)-E(C .td)=0. 
(ise o E(C) = 1, we have E(C,+6) = 1. Now Sgt **aaw(ayel? = 

ee S2alEa)e|? < k?1(E(C 4t6)- “EC, ))f1? where & = max (jee: 
Ke 451), when we use Tera 3 of c, Chapter VII. Since 

R(C Ae E(C, }f when we let 6—+0, 6)>0, by Lemma 2 
of f the aoe section, we must have that the lim 5+0,6>0 
Sct Age Ait exists end =. This and our preceding result 
imply Gg O-¢ AGE(A) = 6° ~b-< AdE(A). We also have E(C, ) = K(C 41) 
=1. Of course if C, = C these results are still ee 
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If we consider the lower limit of integration, we have to 
consider that Lim. 6056. -gAGE(A) = C_(E(C_)-E(C_-0)) But 
the discussion which follows Lenma } of §2, Chapter VII shows 
@lso that E(C_-6)-E(-C-e) = 0 for C_-é6 > -C-e “and 6) 0. 
Since E(-C-e)=0, E(C_-6) =0 for 6>0 and hence 


i ae C= 
E(C_-0) = 0. Thus 1ims.0,6>05 5 _g AdE(A) = C_E(C_). A proof 


similar to that of the preceding paragraph will now show that 
§o&_ AdE(A) = SG+aaK( AITCeRICH. 


COROLLARY. If Cy and C_ refer to H as in Defi- 
nition 4 of §3, Chapter IV, then 


= {2 *AGE(A)+C_E(C_) 
and E(C,)=1, E(C_-o) = 


§4 


In this section, we will deal with Unitary Transformations. 
(Cf. Definition 1 of §2, Chapter VI). From Lemma 1 of §2, Chap- 
ter VI, we know that WU* =U*= 1. Let A=T(U+t), B= 
Fi(u*-). Then 1B =4(U-U*) and U= A+iB, Theorem V of §2 
of Chapter IV implies that A and B are self- ao os A- 
iB =U*. We also have that AB = ph (U4) (L*-lL) = ute -ur) = 
[i(U*-U)(U+U*) = BA. Thus 1 = (A+B)(A-4B) = A® + “2 

We shall obtain an oe representation for WwW ee using 
the integral representation for A given by Theorem I of the 
preceding section. It will however be convenient to assume that 
uf=f or Uf=-f implies f= 6. We shall see that this 
assumption can be made without an essential loss of generality. 

Let mM, denote the set of f 's for which Uf=f, and M_, 
denote the set of f 's for which Uf=-f. ™M®, and M_, are 
mutually orthogonal since if f € mM, and gé M,, (fi, 2) = 
(Uf ,ig) = (f,-g) = -(f,g) or 2(f,g)=0. If E, and E, 
are the projections on mM, and M_, then E,E,=0 and 
E,+B_, is the projection with range w( Mm,vM_,) by Lenma 5 of 
§1, Chapter VII. let F= 1-(E,+E_,)-. 

By the definition of M,, we have UE, = E,. Since U*=u7} 
io KS VAI ; implies U*f =f and hence U*E,= E,. Taking adjoints 
we obtain Eu = E,=UE,. Similarly E_ WU = -E_,=UE_,. These 
results also imply that FU=UF. Multiplying on the left by F 
yields Fi = Fir. 
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Thus 
U = U(E, +E_,+F) = UE, +UE_, +UF = E,-E_,+FUF. 

If we contract FUF to the range of F, we see that for 
every f and g in this range, (FUFP,FUFg) = (UFf,UFg) = 
(uf,tig) = (f,g). Thus FUF is isometric on the range of F. 

Furthermore the range of FUF on the range Of i ais also 
the range of F. Otherwise there would be a g+ 6 in the range 
of F such that for every f € h, 0= (g,FUF(Ff)) = (g,FUFE) = 
(g,FUf) = (Fg,Uf) = (g,Uf). Thus ¢ ts orthogonal to the range 
of UW and since & is unitary, g = 9. This is a contradiction. 
Thus we have proved that the range of FUF on the range of F 
is the range of F. 

Definition 1 of §2, Chapter VI, is now satisfied by FUF re- 
garded as a transformation on the range of F i.e., in this 
sense FUF is unitary. For g in the range of F, FuFg = g 
is equivalent to UFg=g or Ug = g. Thus g € M, + Since g 
is also in the range of F, g=96. Hence FiFg=g2, & in the 
range of F, implies g= 06. Similarly FiFg=-g, 8&8 in the 


range of F, implies g= 9. 
Thus we have proved: 


LEMMA 1. Iet U, M,, M,, E 
defined as above. Then WE, = E, = EU, ££ U= -E,= 
UE_,; FUF=Ur=FU. The ranges of E,> E, and F are ortho- 
gonal. We also have U= E,-E_,+FUF. Let u, denote 
FUF considered as a transformation on the range of F. 
Then U, is umitary and ug = leor ug =-g implies 
g= 0. 


In applying Definition 1 of §2, Chapter VI, we have assumed 
that the -range of F is infinite dimensional i.e., a Hilbert 
space. (Cf. the corollary to Theorem II of §2, Chapter III). 
The cases in which the range of F is finite can be easily taken 
care of by elementary methods. We consider then only the case in 
which the range of F is infinite dimensional. 

For a time we will consider only those W's for which Uf =f 
or Uf = -f implies f=06. Let A and B be as in the first 
paragraph of this section. Since A = 5 (Us), BAM < S( nut + 
nu U* ii), Thus Theorem I of the preceding section shows that there 
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is a resolution of the identity E(A) such that for e)»> 0, we 
have 
Ss irt 
A= §_4¢ AGE(A). 


As a proof of the corollary of that theorem shows, we may write 
this 
A = §!,AdE(A)-E(-1). 


But if f is in the range of E(-1), Af=-f. Since A+ 
B° = 1, we have (Af,Af) = (f,f) = ((A°4B°)f,f) = (A°f,f)+ 
(B°f,f) = (Af,Af)+(Bf,Bf). Hence [Br |° =(Bf,Bf) = 0 and Bf= 
6. Thus Uf = (A+iB)f = Af+iBf = Af = -f. But this implies 
£= 6. Thus if £ is in the range of EK(-1), -f&= 06 and 
EC) = 0. 

The expression for A also shows that if f is in the range 
of E(1)-E(-1-0), Af =f. An argument similar to that of the 
preceding paragraph now implies f= 6. Thus E(1)-E(-1-0) = 0. 
But E(1) = 1 and hence E(1-0) = 1. We have shown: 


LEMMA 2. If WY is unitary and such that Uf=f or 
uf =-f implies f= 6, then if A=4(U+*) there is 
a@ resolution of the identity E(A) such that 


A = §!adk(a), 
ad E(-1) = 0,1 E(1-0) = 1. 


From Lemma 5 of §2, Chapter VII, we have that Bo = fee oo 
sl,(1-a? aga). Let c= §1,(1-a®)'/?am(a); Lemma 5 of $2, 
Chapter VII implies c® = §',(1-A°)aw(A) = Be. C and B are 
self-adjoint and thus we may apply Theorem I of §4, Chapter VI to 
obtain that there is a partially isometric W such that B=WC. 

For C= ft, (1-a?)'/Pamcay, the discussion which follows 
Lemma 6 of §2, Chapter VII shows that the zeros of C form the 
range of 1-E(1-0)+E(-1) = 0. Thus No= {6} and fey exists. 

A discussion similar to the proof of Lemma 5 of §3, Chapter VII 
will show that Cc! = adel A), The corollary to 
Theorem II of §3, Chapter VII now shows that the domain of C 
is dense. 

Lemma 5 of §2, Chapter VII shows that AC = f!,a(1-a?)'/?ax(a) 
= CA. Thus A commtes with C. (Cf. Definition 1 of §4, Chap- 
ter VII). Lenma i(c) of §4, Chapter VII implies that A commutes 


1 
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with on . In the first paragraph of this section it was shown 
that AB = BA. Thus ABC’ = BAC’ c BC''A. Since WC = 

Bcf =Wf for f inthe domain of Cc '. Thus for f in the 


domain of © |, AWf=WAf. Since W and A are continuous and 


the domain of C' is dense, we must have AW = WA. 

Since W and A commte, Lemma 2 of §4, Chapter VII implies 
that W commtes with E(A) for -1<¢A¢ 1. Since W com 
mites with E(A) for -1¢ A¢ 1, it is readily seen to com- 
mute with any I _,AE(A) as defined in Definition 2 of §2, 
Pgs VII. W will then commute with any limit of these, 

Si p(AIGE(A). In particular W will commte with C= 1, (1- 
te ) '/2ap dE(A). W will also commte with B=WC. 

Thus we have proved: 


LEMMA 3. Let A, B, C and E(A) be as above. 
There exists a partially isometric W with initial set 
[Ro] and final set [Rp] such that B=WC. W commutes 
with A, B, C and E(A). [Rg] =f. 


With regard to the last statement, we recall that we have 
shown that R, which is the domain of c’' 4s dense. 
When we apply Lemma 4 of §4, Chapter VII we obtain: 


COROLLARY 1. W = W*. 


COROLLARY 2. If T is bounded and commtes with E(A) 
pou & resolution of the identity, T commutes with 
§Pg( a) aE( A) for every (A) for which this integral exists. 


LEMMA 4. Let W be partially isometric, W =W* and 
let E=WW. Then F,=4(EW) and F,=2(E-W) are 
projections such that Fi+F, = KE, F,-F, = 


F, and F, are self-adjoint, since E and W are. Since 
W=W*, E= Wen = w2 and EW=W’ =WE=W since E is the 
inttiel set of W. (Cf. Lemna 1 of §5, Chapter VI). Thus F° = 
ea! = 7(E° +WE+EW 4? ye 7; ( 2E+20 ) = 4( EW) =F. Similarly 
FS = F, Lemma 2 of §1, Chapter VI now implies that F, and F 
Pe pre taceiena: : 
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For W in Lemma 3 above, E is the projection on [Ro] =% 
and thus E= 1. Since W and 1 commte with E(A) for -1 
g4¢1, F, and F, also commte with E(A) for -1 €A<1. 
Now 

U= A+iB = A+iWC = (F,+F, )A+L(F, -F,, )C = F, (A+iC )+F,,(A-1C) 


= F,S\(asi(1-a?)'/? yam ayer, ft, (a-t(1- 22) 1/2 aa) 
= ft (aet(1-a2)'/2 ar BC ayes! (A-2(1-a?)'/? ap Bla). 


For between O and nm let us define F(o) = F,-F, E(cos@ 
-0). Since F, and the E(A) commute F, E(cos $ -0) is a 
projection. (Cf. Lemma 4 of §1, Chapter VI). Since F,E(cos 6-0) 
g F,, Lemma 6 of the same section shows that F() is a projec- 
tion. One easily verifies that if 9, < $, F(,) ¢ F(,) 
because of the analogous property of the E(A). One also has 
Lim. Fi¢+e*) = F(p), F(0) = F,-F,E(1-0) = F,-Fy= 0, F(m) = 
Far, 1-0) = Bs 

It remains to show that fTetPar(o) = gt (asta? )'/? ar BA), 
There is at most a denumerable set of points at which E(A) + 
E(A-0). If we avoid these points in forming partitions and use 
A= cos @, the partial sums for each integral are the same and 
thus the limits are equal or (Tet? aR (@) = gh, (aei(1-a?)1/? yamE(al 

For between nm and en, we let F(9) = F)+F,E(cos @ ). 
The discussion of the preceding paragraphs can be extended and 
we see that F() is a projection, F(9,) g F(o,) if 9, < bos 
Lim, , F(o+e>) =F(o), F(n)=F,, ( F(t) 4s defined in two ways) 
F(2n) = F,+F, = 1 and 


$2, (a-2(1-22)1/2 ap B(a) = $1 (a-t(1-22)"/? ace, a B(A)) 
ene iPaR(p). 
If we combine our results, we obtain, 
u= [2"eiPaR(6). 


We may sum up as follows: 


LEMMA 5. Let UW be a unitary transformation such that 
uf=f or Uf =-f implies f= 06. Then there exists a 
resolution of the identity F(o), with F(0)=0, F(2n) = 1, 
such that 

= (2% PaR(). 
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To remove the restrictions on U, we recall the situation 
ee — sr COs 


described in Lemma 1 above. We apply Lemma 5 to 1 

sidered on the range of F and obtain a family of projections 
F(o) of the range of F. Now either Definition 1 or Lemma 2 of 
§1, Chapter VI, can be used to show that F(o)F is a projection 
of . The orthogonality of F, E£, and E_, insures that 

HW tF(g)F and E_, +E, +F(o)F are projections. We define G(o) = 
F(o)F for o¢ o¢< 1m, Go) = E_,+F($)F for nm < 2n and 
G(en) = E,+E_,+F = 1. One can easily verify that the G(¢) form 
a resolution of the identity with G(0) = 0, Ger) si bun 
thermore we have that 


feme*Pac() = (fG%e *aF( >) F+E, +B, = FUP+E,-E_, = U. 


Thus we have established: 


THROREM II. If UW is unitary, there exists a resolution 
of the identity G() with G(0) = 0, G(enm) = 1, such that 


tt = SeTerPac(o). 


CHAPTER IX 
CANONICAL RESOLUTION AND INTEGRAL REPRESENTATIONS 


In this Chapter, we obtain the canonical resolution of a c.a. 
d.d. operator T and the integral representations of self-ad- 
joint and normal operators. 

The discussion of Chapters VIII, IX and X is essentially 
based on the two papers of J. von Neumann to which reference is 
made at the end of Chapter I. Im the present Chapter, however 
the use of (14H7)7! to obtain the integral representation of 
an unbounded self-adjoint operator was suggested by the Riesz- 
Lorch paper also listed in Chapter I. The canonical resolution 
of a normal operator is used to obtain the integral representa- 
tion by K. Kodaira.* 


§1 


In this section, we obtain the canonical resolution of a c.a. 
d.d. operator T. (Cf. Theorem I of this section), For a c.a. 
d.d. operator TT, Theorem VII of §4, Chapter IV tells us that 

= (14T*T)7! is a bounded definite self-adjoint operator with 
a bound a 1. The Corollary to Theorem I of §3, Chapter VIII 
shows that there exists a resolution of the identity E(A) with 
E(0-0), E(1) = 1, such that 


= SjAgE(A)+0- B(0) = ShAaE(A). 


Lemma 6 of §2, Chapter VII shows that the zeros of A are 
1-E(1)+E(0) = E(0). Since ant exists, Ny = {0} and hence 
E(0) = 

Lemma 5 of §3, Chapter VII implies that A™' = §1(1/A)dE(A). 
We make the change of variable w= 1/A, F(u) = 1-E(1/p-0) for 
1¢yp< ow Since E(0+0) = E(0) =O and 1im,.9, Ay ol Ag 0) = 
1im,,6 SAYOEIA) = lim,,, F(p) = 1, F(1) = 1-E(1-0). As in the 
discussion of the proof of Lemma 5 of §4, Chapter VIII, one can 
show that F(u) is a resolution of the identity and that for 


1¢b< oe, 
St poi 1/AGE(A) = ShuaF(u)4F( ). 


* Proc. Imp. Acad., Todyo 15, pp. 207-210, (1939). 
9D 
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When we let b—~+ oo, we see that corresponding improper inte- 
grals are equal and thus 
Al = §\(1/A)aE(A) = SP udF(u)+F(1). 


Thus 
14T*T = FP udF(y)+F(1) 
or 
TeT = (°(u-1)dF(y) 
We make the further change of variable ye = ft=1, F, (p') = 
F(y'?41) for o< yu! < o, F,(u') = 0, for wu! <0. We then 
obtain 
Te? = [© utd (yu). 
let B= SS. waF (ut). SP uttaig(ajel® < co implies 
fa al R(A)LIe < co. Hence Lemma 4 of §3, Chapter VII shows 
that Bo = (ular (yu!) =T*T, B is self-adjoint by Theorem 
II of §3, Chapter VII. Furthermore B*B = B® = T*T, Thus 
Theorem I of §4, Chapter VI states that there is a partially 
isometric W with initial set [Rp] and final set Rl and 
such that T=WB, T* = B*W* = BN*, B= W*T = TH. 


* LEMMA 1. Let T be c.a.d.d. Then there exists a 
resolution of the identity F, (pu) ae F, (0) = 0 and 
such that if B= Je HGF, oe then B° = Tq, T = WB, 
T* = BN*, B= W*T = TW. phones ale AC fa) 

1-F, (lay a-iyi/ 20) Anes ACen tae SiAdE(A). 


The equation T=WB is called the canonical resolution. 
For completeness, we must still consider the corresponding results 
for T*. Lemma 1 above when applied to T* shows that there is 
a eon of the identity F o(M) and C= So HGF. (4) such 
that) O> = Te: 


LEMMA 2. If D is a bounded transformation, which 
commtes with B° =T*T, then D commtes with F,(A) and 
and B. A similar result holds for Gi 


oe ua D commutes with Be it also commutes with Bo41 
and (Be ain al (Cf. Lemma 1 of §4, Chapter VII). Lemma 2 of §4, 
Chapter VII now shows that D commutes with ECA)” Tor" 07GA Qu 
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By Lemma 1 above, we see that this implies that D commutes 
with F, (mM). By Corollary 2 to Lenma 3 of Chapter VIII, §4, we 
obtain teat D commutes with uaF, (4) for every a. Thus if 
f is in the domain of D, we have SSuaF, (u)DF = D( (SSndF, Gu) ite 
D is continuous and hence the limit as a—»+»oo of the right 
hand side exists. Hence Df is in the domain of B whenever 
Peis. nde ier GiB. 


LLEMMA.3. Let T,; 3B, C; W, F, (A) and F(A) be 
as above. Then WF, ( A)W* = F,(A)-F,(0), W*F,(A)W = 
F,(A)-F, (0), WBW* = C, B= W*WW. 


Let E, = WW, E, = W*,. These are projections on, respec- 
tively, the initial and final sets of W, i.e., [Rp] and 
[Rp]. Now if we use [My ]* = [Ry], (Theorem VI of §2, Chapter 
Te andes i) bee C= 96%, Mn = Np» No = Mn we obtain [Rp] = 
Th, [Rp] = Nh = Na. Thus E, is the projection on Ns, E, 
on Na. From the expression for B and C given in Lemmas 1 
and 2 above, we have that Ne has the projection F, (0) and 

has the projection F,(0) (Cf. proof of Lemma 6 of §2, 
Chapter VII). Hence a= 1-F,(0), E, = 1-F,(0). 

Thus By commutes with Veg a= 1, 2. From Lemma 3 of §3, 
Chapter VI we see that W = WW*W = EW = WE, . 

Now WF,(A)W* is bounded and self-adjoint. Furthermore 
WF, (A)W* = WE, F, (A)W* = WE, Fo Ne, WF, (A)E,F, (A)W* = 
WF, (A)W*WF, (awe = (WF, (aywe)?, Thus F3(A) = WF, (A)W* is a 
SP Ae (Cf. ponae 2 of §1, Chapter VI). Since EF A(A) = 
EWF, (A)W* = WF, (A)W* = FS(A), we have F3(A) cd E,- (Cas 
Lemma 8 of §1, Chapter VI). 

If we define FI(A) = W*F, (A)W, a similar argument will show 
that F(A) isa projection net F}{ A) & E, 

idseocabasive Hunt eG? =iT xt = WEEN 'WB°*, Since E, 
is the ga iabrnd a on 2B and on Te» we have W*CW = 


W*VBW*N = E,BE, = Be 


since C2 = WB’W*, we have glance’ = WF, (AWWW = 
WF, (ADE, ove = WF we, (ayBeWe c wiSaure, (yu) )W* = WB°F, (A)W* = 
wBeE, F, (Aye = “NF, (A)W* = C°FS(A), (Lemmas 1 ‘and 4h of §5, 


piaceed VII ape aes ey Thus “BLANC CAG PRS (A) and the 
latter has bound aes Similarly FI(A)B? Ges 2B A) and the 
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latter has bound ae 
Lemma 2 above now shows that F}(A) commtes with F,(p). We 


note that F3(A) yQoEe =) (er 5 Ce 0). Consider F(a)(I-F, (A)). 
Lemma 4 of 1, Guserer VI ee that this is a Saneeehlollt 
Suppose that an f + 9 is in the range of this ae a oer For 
a panne of the identity, we have lim, A ae and 
Lim, , Fj (Are Vices as CA). since = BALA) CI= “ (A))f + - ala 
follows that we oe finda A anda A, 2s A< Ay < A such 
that g= BACA)CE aE (A A, ))f 5 (lo palates to the saetoiey 
of PACA) Bad P ol) s we oie have = (F,(A)-F 2lAo eg 
Fi(A)g. Hence 1C° Pal? = 10°(RA(A vale = Ve NalFA(A) nei? 
ASIF, (A)-F (Ap) 8 |? = a lgl/°. (Cf. Lemma 3 of $25 Gass VII 
and Lenma 1 “of $3, ane VIt). Also |0°g|® = |c°Fs(A)gl> < 
At lel? . Since |gl #0, A, > ADO, these statements contradict 
each other and thus f = 6. Thus we have shown that jf atial agtats) 
range of 1s (A)(1 = (A)) implies f= 96. It follows that 
ry Bis (A) = 6 oe FS(A) < Ey (A). (Cf. Lemma 8 of §2, Chap- 
foe Wal) 0 poe we also nats F(A) < E, = aaa a we have 
FA(A)(F eee = FLAME (A)-F a(AJR,(0)) = PE(A)F3(A)(1-F (0): 
= FI(ANU- F,(0)) = FS(A), and PACA) < F, (A)-F <4 (Crs Defi- 
ee 1 ae §2, Gaateay VII and erie 8 Be §2, Moree WADE 

Now WF, (0 )W* = WE, F,(0)W* = W(1 -F, (0) )F, (0 )W* = 0. Simidar 
ly W*F,,(0)W = o. Thus F4(A) q BCA) F (0) becomes aN) 
F,(0) > WF, (A)W* = W(F,(A)-F, (0) )W*. Multiplying by W* on the 
left and W on the right, we obtain F}(A) = W*(F,(A)-F,(0) )W 
> W*W(F, (A)-F, (0) )W*W = E,(F,(A)-F, (0) )E, = (1-F, (0) )(F, (A)- 
F,(0))(1-F,(0)) = F,(A)-F, (0), or F(A) > F,(A)-F,(0). (CEs 
Definition 1 of §2, Chapter VII). But a proof analogous to that 
of the preceding paragraph will show that F}(A) < F, (A)-F, (0). 
Thus we have established that F(A) = F,(A)-F, UO) 

This last result may be written W*(F,(A)-F,(0) W = F, (A= 
F,(0). Multiplying by W on the right, and on the left and 
proceeding as above we obtain F,(A)-F,(0) = W(F,(A)-F, (0) )w* = 
F3(A) = WF, (A)W*. 

If we form partial sums, use this last equation and pass to 
the limit, we obtain 


A 
Squad (u) = W(S3uaF, (u) Ww 
since either side is defined everywhere. Taking limits, we get 
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So HGF. (u) = WO SS? mdF, (u) )W* 
or C = WBN*. Multiplying on the left by W* and on the right 
by W yields W*CW = W*WBW*W = E, BE, =B. Our lemma is now dem- 
onstrated. 


LEMMA 4. Let T be c.a.d.d. There is at most one B 
and W such that W is partially isometric with initial 
set [Rp ] and final set [Rr] and such that B is definite 
self-adjoint and possesses a resolution of the identity 
F, CA}) such that. Bi So HOF, (u) and furthermore such that 
T = WB. 


Suppose that the pair, W, B= So HGF, (4) and the pair, W,, 
B, = So HAG, (H) both satisfy the given conditions. We can 
suppose that W and B are as in Lemma 1 above. By the corol- 
lary to Theorem V of §2, Chapter IV, T* = Byw* = B,W* and since 
W*W is the projection on [Re], we must have T*T = Bae (Ci: 
Lemma 1 of §3, Chapter VI). 

Thus By, = T*T = B° and SMG, (u) = uaF, (yu) by Lemma 
h of §3, Chapter VII. Now G,(A) commtes with Be by Lemma 1 
of §3, Chapter VII and thus with B°. lLenma 2 above, shows that 
or ag: commutes with F, (nu) and if we consider the bound of 
By G, (A) we see that precisely the same argument as that used 
in the proof of Lemma 3 above will show that G,(A)-G,(0) < 
F,(A)-F, (0). 

We also have in the above that F,(u) commutes with G,(A) 
and thus we may proceed to obtain the symmetric result F, (A)- 
F,(0) g G,(A)-G,(0). Thus we have shown F,(A)-F, (0) = G, (A)- 
G,(0). Since Npeo = 2 , we also have F,(0) = G,(0). We may 
conclude that F,(A) = & (a) and B= B,- 

Since [Rp] = [Rp, 1, the initial sets of W and W, are 
the same and both W and W, are zero on [Rp]*- (Cf. Defini- 
tion 1 of §3, Chapter VI). The equation WB = T=W,B_ shows 
that W=W, on Rp: Continuity implies W=W* on [Rp]. We 
also have W = W, =0O on [Rp ]* and since these transformations 


are linear we mst have W = W, F 


COROLLARY. A similar result holds for T = CW. 
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We now compiete our discussion: 
C = WBW* implies CW = WB=T. The corollary to Theorem V 


of §2, Chapter IV shows that Tx = W*C = BW*. 


THEOREM I. Let T be c.a.d.d. Then there exists 
operators W, B, C and resolutions of the identity 
F, (A) and F(A) such that (a): W is partially 
4sometric with initial set [Rp] and final set [Ry 
(b): B and C are self-adjoint and definite. (ey) 
T =WB= CW. (da): T* = BW* = W*C. (e): C = WBW*, 
B= WOW. (f): B= SSAdF,(A), C= Sp AdF,(A). 
(a), (b), (c) and (f) determine W, B and C uniquely. 


We shall show in the next section that (b) implies (f). We 
can then state that (a), (b) and (c) determine W, B and C 
uniquely. 


§2 


We now obtain the integral representation for a self-adjoint 
operator H. H is c.a.d.d. and thus we may apply Theorem I of 
the preceding section to obtain that there is a definite self- 
adjoint B with an integral representation, [udF,(y) a 
definite, self-adjoint C anda partially isometric W such 
that H=WB= CW. Since H*H = H° = HH* we see from Lemmas 1 
and 2 of the preceding section that B= C andthus H = WB= 
Bw. 

Thus W commtes with C and Lemmas 4 of §4, Chapter VII 
shows that W=W*. Let E=W*W. Since W=W*, W=WE= We= 
EW. Since W commutes with B, W commtes with B° and thus 
Lemma 2 of the preceding section shows that W commutes with 
F,(A). In the proof of the same Lemma 2, it was also shown that 
E = 1=F (0) and consequently E also commtes with F,(A). 

Thus if F, =2(EW), F, = S(E-W) then F, and F, com- 
mute with F,(A). F, and F, are projections by Lemma } of §4 
Chapter VIII. PL(A)F, and FP, (A)E are projections by Lenma } 
of §1, Chapter VI. We also have FF, = +-(E4W) (E-W) - £(B24WE- 
EW-W°) = (E+W-W-E) = 0. 

We have then: 
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H= BW= SSudF,(u)(F)-F,) = (Sud, (w)F,- (s°udF, (u)F,- 
Let A= -np, a = (1-F,(-A-0))F, for “co < A <0. “Then 


lim,,_., (A) = Lim (1- -F, (y- 0) JF, = in ih ik> = FoF a 
= 0 and ee e“) = Lim ose te 2-0) JR, = ae vay naa 2 
= (1-F,(0+0))F, = (1-F,(0))F, = (F, P, )F 5 As in Be 


Fy. 
proof e ee 5 of $4, ie See VIII, we eee Peek for b> e- 


>o, oe : 

= -€ 

Soha, (HF, = Jip AdG, (A). 
Letting ¢—> 0, we have 

SAE z 
-SPhGF, (uF, = lim, fi€ adag(a) = for°aaa, (a). 

Let G,(0) = F,+(1-E) = G,(0-0)+1-E. Since Chai) Bea As ei 
F,))F. = 0, G,(0) is a projection by Lemma 5 of §1, Chapter VI. 
Also 


0 
9-0 AGG, (A) = 0°(G,(0)-G(0-0)) = 


vey 
For any integral ie b =f. b alee = lim, (§_> +f%s2) = re °, 
yee 9» When these last limits exist. Hence 
10) 'b-O 
CpAAG, (A) = SO Pada, (A)+§>_ AGG, (A) = -SQuGF, (WF +0. 
Letting b— o, we obtain 
SP udF, (uF, = [9 AdG, (A). 

For 0< A< o@, let G,(A) = F,+1-E+F, F(A). Our previous 
orthogonality relations and Lemma 5 of §1, Chapter VI, shows 
that G,(A) isa projection. One has also Lim. oo Fy (A) mane 
i-Ey iim, FF, (A) =F tieEH 85 since E = F,+F,. 

By a familiar reasoning, we obtain that 

co co 
Sq AGF, (A)F = Jy AdG, (A). 
This and our preceding results imply that 
<a co C-) 
H= §, udF,(w)F,-So uaF, (WF, = S_., AdG, (A). 
Further G, (A) is a resolution of the identity. For as we have 
seen above each G,(A) is a projection and lim),-c G,(A) = 0, 
lin,,. G, (A) = 1. The other properties of a resolution of the 
identity are the results of known inclusion relations on the 
given projections and the corresponding properties for F,(p). 
We have proved: 
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THEOREM II. If H is self-adjoint, then there exists 


a resolution of the identity G, (A) such that 


co 


H = J_.. dG, (A). 


COROLLARY 1. If C_>-«, we have that 
H = §S+adc, (A)+C_G,(C_), 
while if C_=-o, we have 
C 
H = {vi adc, (A). 


This is shown by a discussion similar to the proof of the 
Corollary to Theorem I of §3, Chapter VIII. 

For a definite operator A, we have C_)> 0. In any case, 
we may take 0, o as‘our limits of integration and A= $5 AdG, (A). 
In Theorem I of §1 above, we now have that (b) implies (f). 
This demonstrates: 


COROLLARY 2. In Theorem I of §1, above (a), (b) and 
(c) determine W, B and C uniquely. 


COROLLARY 3. If T commtes with H, T commutes with 
G,(A) for -co <n <atico: 


PROOF: If T commtes with H, it commtes with Hoe Bos 
It follows from Lemma 2 of the preceding section that T commutes 
with F, (A) and with B. 

We next show that T commutes with the projection 1-E on 
Ny = Nye Ione abe se Sle} Stal Na Hf = 6 and HIf = THF = TAe=989 
or Tf € Thy Hence T(1-E) = (1-E)T(1-E). By Lemma 1 of §4, 

Chapter VII, H also commtes with T* and we obtain T*(1-E) 
= (1-E)T*(1-E). Taking adjoints, we find that (1-E)T = 
(1-E)T(1-E) = T(1-E). It follows that ET = TE = ETE. 

In the proof of Theorem II above, we have shown that W = WE. 
Thus 1f f is in the range of 1-E, TWf = TWEf = © and WIf = 
WETf = WIEf = 6. Hence for f in the range 1-E, TwWf = 6 = WIf. 

For f in the domain of B which is also the domain of H, 
we have TWBf = THf = HTf = WBTf = WIBf. Thus if g is in the 
range of B, TWg=WTg. Since W and T are continuous, we 
may infer that TWg=Wlg for ge [Rp], which is also the 
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range of E. This and the result of the preceding paragraph per- 
mit us to conclude that TW = WT. 

Ly F, and F, are as in the proof of Theorem II above, we 
have Ri = Fy for a= 1, 2, since TW=WT and BST = TE. 
In the above, we have shown that T commtes with Fj(A). From 
the definition of G, (A), Wwe may now infer that T commutes 
with G, (A). 


COROLLARY 4. The resolution of the identity G,(A) of 
Theorem II above is unique. 


Let us suppose that H also equals Va AdG,, (A) for a reso- 
lution of the identity G(A). We prove that G, (A) = G,(A). 

For a given A, G,(A) commutes with H and thus from Coro- 
llary 3 above, it must committe with G,(u) for -éo <SUEw cos 
Thus G,(A)(1-G, (A)) is a projection by Lemma 4 of §1, Chapter 
VI. Suppose now that f+ 0 is in the range of Go(A)(1-G,(A)). 
Since G, (A+0) = G,(A); 1imy..c0 G,(u) = is Lim, ,_., Go(y) = ©, 
we can find three numbers A, NK AS < a; such that g = 
(G,(A)-GA(A, ))(G, (AZ )-G, (AQF + 0. 

Now g is easily seen to be in the domain of H. (Cf. 
Theorem II of §3, Chapter VII). Let a be defined by the equa- 
tion a(g,g) = (Hg,g). (We recall that (g,g) +0). Since G,(A) 
aad G,(A) commute we have g= (G,(A)-G,(A, ))g = (G, (A; )- 
G,(A,))g- Lemma 1 of §3, Chapter VII now shows that (Hg,g) = 
(H(G,(A)-G,(A,))8.8) = Sud(Gy(wee) < A((G(A)e,e)-Go(A, 8,8) 
= A((G,(A)-G, (A, ))g,g) =A(g,g). Thus a¢ A. On the other hand 
a (G,(Az)-G,(A,) 8 yields by a similar argument that a > Ap. 
Since A< Ap» this is a contradiction. It follows that the 
range of Gp(A)(1-G,(A)) must contain only 9. Hence G,(A) < 
G, (A). 

In the preceding discussion, the commtativity of G, (A) and 
G,(w) and the expressions for H, were sufficient for the result. 
result. It follows that a similar discussion will also show that 


G, (A) g G,(A). Hence G,(A) = G,(A). 


§3 


We consider in this section, a normal operator A. (Cf. Defi- 
nition 2 of §4, Chapter VII). When we apply Theorem I of $1 
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above to A, we obtain as usual W, B and C with the usual 
properties (a) — (f). Since however A*A = AA* we have B= C 
and thus A = WB = OW = BW. 

We also introduce E = W*W, the projection on the initial set 
of W which is [Rp] = Nh. (Cf. Lemma 8 of §3, Chapter IV). 
Lemma 3 of §4, Chapter VII shows that WW*, the projection on 
the final set of W is also E. Thus (1-E)W= 0 = W(1-E). 
Taking adjoints we obtain W*(1-E) = 0 = (1-E)W*. Since E is 
the projection on [Rp] = NA, we have (1-E)B = B(1-E) = oO. 


Consider UW= 1-E+W. Now Ul* = (1-E+W)(1-E+W*) = (1-E)+WW*+ 
W(1-E)+(1-E)W* = 1-E+E+0+0 = 1. Similarly UWUu* = 1. Now iit 
shows that the range of &%) is KH and U*f{= 1 implies that for 


every f and 2g, (Uf,lig) = (*tf,g) = (f,g). Definition 1 of 
§2, Chapter VI shows that UW is unitary. 
We have thén that UB = (W+1-E)B = WB = A = BW = B(W+1-E) = BU. 


LEMMA 1. If A is normal there exists a unitary oper- 
ator WU anda self-adjoint definite B= SSudF,(u) such 
that A = UB = Bu. 


LEMMA 2. Let UW be unitary and let mM, , M_,> E 
Ey F and u, be as in Lemma 1 of Chapter VIII, §4. 
Then if D is a bounded self-adjoint operator which com- 
mutes with UW, then D commtes with E, ; E_j> F and 
WU. Furthermore D= E,DE,+E_,DE_,+FDF, where FDF com- 
mutes with uw, » When both are regarded as contracted to 
the range of F, 6 


Ae 


ine’ ae) siey ala Mm, then Uf=f and Df = DUf = UDF. Thus 
ie mM, implies Df € M, and DE, = E,DE,. Taking adjoints 
yields E,D= E, DE, = DE,;. Similarly E_4p = Ens = DE_;- 
These results imply FD = DF and FD =F°D = FDF. Lemma 1 of 
§4, Chapter VIII implies 


DE,-DE_,+DU, = D(E,-E_,+U,) = DU = uD 
=(E,-E_,+U,)D = E,D-E_,D + UD. 


Since DE,= E,D, DE_, = E_,D, This implies DU, = uD. Inas- 
much as 1= E,+E_,+F, D= D(E, +E_,+F) = DE, +DE_,+DF = E,DE,+ 
E_,DE_,+FDF. The statement concerning the contraction of FDF 
is obvious. 
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LEMMA 3. Let U be unitary and let G() denote the 
resolution of the identity for UW given by Theorem II of 
§4, Chapter VIII. Then if D is a bounded self-adjoint 
transformation which commtes with U, then D _ conmutes 
with G() for 0<¢ > ¢ en. 


PROOF: We know from Lenma 2 above that D, = FDF commutes 
with u - Let us confine our attention to the range of F and 
then we may define A, =4(U+U*), B,= si(U#-U,). Let W and 
C, be as in the proof of Lemma 3 of §4, Chapter VIII. D com- 
mutes with A, and B. by Lemma 1 of §4, Chapter VII and K(A) 
by Lemma 2 of §4, Chapter VII and with C by Corollary 2 to 
Lemma 3 of §4, Chapter VIII. 

Lemma 1 of §4, Chapter VII shows that D, commutes with Oras 
Thus D,B,C;' = B,D,C;' C B,C;'D,. Since B,C]'=W on the range 
of C, we have D,wf = WD, f on the range of C and since this 
last set is dense and D, and W, are continuous, we obtain 
D,W = WD,. (Cf. Lemma 3 of §4, Chapter VIII) 

Let F, = Sw), FS = F(1-w), as in the discussion follow- 
ing Lemma + of §4, Chapter VIII. Since D, commutes with W, 

D, commutes with F, and F,. From the definition of F, (9) 
preceding the statement of Lemma 5 of §4, Chapter VIII, we see 
that D, must commute with F, () since D, commutes with F,, 
F, and the E(¢). 

We now return to the more general situation. We see firstly 
that F(o)FD = F($)FDF = F($)D,F = D,F(o)F = DFF($)F = D-F()F. 
Thus D commutes with F(q)F. We have simuwn above in Lemma 2 
that D commutes with E, and Ey: It follows from the defi- 
nition of the G(@) preceding Theorem II of §4, Chapter VIII, 
that D commites with G(@). This proves the Lemma. 

Returning to the result of Lemma 1, we recall that A = UB = 
Bin Thuis 145 35.= SoudF, (uw).  commtes with F,(A). Now if 
u= feTe*%aG, (o), we see from Lemma 3 above that F, (A) and 
G,() commute. Thus 
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oe (ed aF.(p) = S2™S polar, (dG, (o)- 
INE VS ea oeaslen CD ISUG il ae Ney ren 1 1 
This suggests that we may introduce the notion of a planar reso- 
lution of the identity and a corresponding planar integral. Our 
discussion will be simpler if we modify G,($) by introducing 
G(>) = G,(p)+1-G, (2n-0) for o¢ ¢< en. It is readily seen 


that u = [2%e!%ag,(@)+G,(0), G)(2m-0) = 1 and 


7 rena ek Pe oePar, (p)dG,()+ 5 edF, (e)G(0)- 


If P is a point of the plane with polar coordinates (p,$), 
p>0, 0¢ >< an, (the origin has the coordinates p= 0, 
= 0,) let E,(P) =F,(p)G,(p). Since Fy(p) and G() com 
mute, one can show that E, (P) has the following properties: 

(aly) ioe P, and P, are two points with coordinates 
(p,+9,)> (Po »%) respectively and if Q is the point whose 
coordinates are (min(p,.P5)> min($, .$,)) then E,(P,)°B,(P,) = 
E, (Q). 

(b): If we let E, (p»$) = E, (P(e,)) then E, (p+0,+0) = 
E, (p+0,p) = E,(p,+0) = E,(p,$)- 

(c): If we now let F,(p) = E,(p,2n-0), fon? tp > 6; F, (0) = 
E, (0,0) and F,(p) =0 if p< o then Fi (pe) is a resolution 
of the identity. Similarly if we let G() = Lit, sco Ey (ps) 
fore sors $ <)2n; G,(¢) = 0 for ¢$ K Wie Gj(@) = 1 for Deen, 
then G() is a resolution of the identity with G,(2n-0) =elhs % 


DEFINITION 1. A family of projections E, (P) having 
the properties (a), (b) and (c) above, will be called 
a planar resolution of the identity. 


Let us consider a sector S of a circular ring, $8 not 
containing the polar axis. Thus S is the set of points (p,4) 
with p, <p Por o>, <>< >. We can associate with it a pro- 
jection E,(S) = (F,(e,)-F,(e,))(Gp(%5)-Go(o,)) = BE, (P, )-E,(P,)- 
EB, (P,)+E,(P,), where ee Py» P, and P, are the points 


* These statements are redundant. For instance in (c) it is only 
necessary to show that lim Rye Mey) = i) fenatel qolotche le (eiao)) = Ws 
since the other properties Ere consequences of (a); (6) and the 
definitions of F,(p) and G,(). For example a consideration 
of projections associated with the areas as in the following dis- 
cussion will show that G,(p+0) = Go (>). 
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(Roxb) (Pos6,), (1565) and (p,,6,) respectively. (E,(S) 
is a projection by Lemma 4 of §1, Chapter VI). 

Any such S can be expressed as the logical sum of mutually 
exclusive smaller Sos 1-0. SOS S,u areal Sy and we will call 
this a partition of S. We can then form for any function 4, 
the partial sums £ y(Q,)E(S,) where Qe eet a) Le con= 
tinuous, it can be shown that for every sequence of partitions 
such that the maximum diameter of the Sg 'S approaches zero, 
these partial sums approach a limit which we will denote: 

SS.y(P)dE, (P). 
Furthermore a familiar discussion will show that 
_ (Pee 
SSu(P dE, (P) = VS Sq, HX P(e.) dG, (> )dF, (p). 
If we close S and call the result S', we define 

E,(S') = (Fy (py)-F, (p,-0) (G5 (5 )-Ga(g,-0)). 
We can partition S!' into closed and partially closed sectors 
and again obtain for every continuous y(P), 


$Jg1y(P)dE, (P). 
This equals 
Po be 
Se, -olg,-0 (Pleo) 4G, (@)dF, (p)- 
One may also introduce the notion of an improper integral, so 


that if So denotes the entire plane, we may define the planar 
integral over So and obtain: 


SS KPIGE,(P) = Soo ETM P(p) dG ($)dF, (e) 
= SF Sow Pl .9) dG, (dF, (0)+S5 yl P(p, 0) dF, (p)dG,(0)+ 
#(P(0,0))G,(0)F, (0). 
In particular if we let w(P(p,$)) = 2(P) = pe, we obtain: 
‘sal Me 708 (P). 


THEOREM III. If A is a normal operator, there exists 
a planar resolution of the identity E,(P) such that 


A= 1ose7ge (P). 


Lemma 3 above can also be used to show 
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LEMMA }. If U is unitary, the equations UW= 
sere*Pac(g), G(o) = 0, determine the resolution of the 


identity G(9) uniquely. 


Let G be as in Theorem Tl of $k, Chapter Vint and suppose 
that we also have U= §2™e*Fac, (o), G0) =50. 

Suppose now that for 0 <o< en, G,(o) commutes with U 
and hence by Lemma 3 above, G,() commutes with G(w). We 
will prove that G,(g)(1-G() ) = 0. Lemma 4 of §1, Chapter VI 
shows that G,()(1-G() ) is a projection. Now suppose that 
there is a f +9 such that f= G, (p)(1-G(p) )f- Since G,(0+0) 
= G,(0) =0 and G(p+0) = Gio), we can find an a anda #4, 
such that g = (G, (q)-G, (a) )(1-G(o) FE <6 andeteccat ¢ < 1° 

Since G, (#) and G(W) commute, we have that g = (G, (>)- 
G, (a) )g = (1-G(o,))8- Let a be defined as the equation a(g,g) 
= (Ug,g) which is possible since g+ 0. The argument of a 
is the same as that of (Ug,g) = (U(G,()-G,(«))8.8) = 
sre*Pa(c, ()g,g)- A consideration of the partial sums will 
show that their arguments always lie between 4 and a and it 
follows that the argument of their limit (Ug,g) is in this 
interval closed. Thus the argument of a is ¢ 9. 

However we also have (1-G(o, )y~g=eg and U= fe" e*Pac(g) 
and a similar argument will show that the argument of a is 
> $,- Since $< >, this yields a contradiction. Thus f in 
the range of G,($)(1-G()) implies f= 6 and hence G, (9) < 
G(o)- 

In this discussion, we have used simply that G, (4) and G(w) 
commute, G,(0) = 0 and the two expressions for W. A similar 
argument will therefore show that G(¢) < G, (>) and hence G,() 
= G(p). Since G(0) = 0, we now have G,() = G(@) for 0 <¢ 
$< en But G,(2n) must be 1. For if f is in the range of 
1-G,(2n), Uf = fe%elac (g)f = @ and o = [Uf] = |f|. Thus 
1-G, (2m) =O and G,(2n) = G(2n). This completes the proof of 
the Lenma. 

We may also establish. 


LEMMA 5. If A is c.a.d.d. and F is a projection 
such that FA C AF, then F commtes with B, OC, W, 
Wwew = Ey» Www* = Ey, where B, C, and W are as in 
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Theorem I of §1 above. In particular if A is normal 
and equals UB = BU where U is unitary, then F com- 
mutes with UW, B, Fi (pe); G,() and E, (P) discussed 
in the proof of Theorem III above. 


By the Corollary to Theorem V of §2, Chapter IV, FA C AF 
implies A*F = (FA)* > (AF)* > FA*. Thus FB° = FA*A C A*FA C 
A*AF = B°F, or F commutes with B°. Lemma 2 of §1, above 
shows that F commutes with B. 

A discussion similar to that given in the proof of Corollary 
3 to Theorem II of §2 above, now shows that F commutes with 
E, and W. Since A and A* are now interchangeable, we 
obtain that F also commtes with C, E, and W*. 

For a normal A, F commotes with UW = W+1-E. Lemma 3 above 
and Corollary 3 to Theorem II of §2, above shows that F com- 
mutes with G, (>) and F,(p)-. Since G(o) = G,(p)+1-G,(en-0), 
F also commutes with Ge()- Since E,(P) = Go(>)F, (ep); F 
commutes with E,(P). 

We conclude our discussion of normal operators by showing 


COROLLARY1. The planar resolution of the identity 
E, (P) of Theorem III above is unique. 


Let F,(p) and G,($) be as in property (c) of Definition 1 
above. A proof similar to that of Corollary 4 of the preceding 
section will show that F,(p) depends only on A. Similarly, a 
discussion similar to the proof of Lemma 4 above will show that 
G,(o) is unique. Property (a) of Definition 1 above can now be 
used to show that E, (P) is determined. 


COROLLARY 2. A* = f, zdE,(P). 
0 


This is a consequenc of A* = BU* = BU'. For if U= 
§2"elan(@) and v= f2"e *PaE(), we have by Lenma 5 of 62, 
Chapter VII, UV =VU=1 andhence u'=V. If we apply the 
discussion preceding Theorem III above to A* = VB, instead of 


A = UB, we will get the result stated in the Corollary. 


CHAPTER X 
SYMMETRIC OPERATORS 


In this Chapter, we discuss symmetric transformations, i.e. 
those for which HC H*. (Cf. Definition | of §3, Chapter 
IV). We will be concerned in particular with the notions of 
a symmetric extension and of maximality and its relationship 
with the property of being self-adjoint. (Cf. Definition 3 of 
§3, Chapter IV). 


§1 


In this section, H will be considered to be closed and 
symmetric. 


LEMMA 1. If f and g are in the domain of H, then 
((H+i)f,(H+i)g) = ((H-1)g,(H-i)g) = (Hf,Hg)+(f,¢)- 


Expanding the expressions, will yield this result since 
(f,Hg) = (Hf,g). (Cf. Definition 1 of §3, Chapter IV). 


LEMMA 2. (a): The set DB of pairs {(H+i)f,(H-1i)f} for 
f in the domain of H is the graph of a transformation 
Vv. (b): V is closed and isometric. (c): (Hei)! 
exists and V = (H-i)(Hei) '. (d): If V,» V, corres- 
pond to H,, H, respectively as in the above, then H, is 


a (proper) Be ie extension of H, if and only if 

Ve is a (proper) isometric extension of Vy (GG, Abe 
M, is the set of f €h, such that H*f = if, the domain 
Gir Wy als} ho Gey abe M_; is the set of f EH 
SRbieal Gealehe) Istene =) Cabig,, vlale) isehelete) He We lsh yal eae 
The range of V-1 is dense. (h): Geile, aries and 

H = -i(v+y(v-1)"'. (4): If E is a projection such that 
EV C VE, then EH C HE. 


§1. THE CAYLEY TRANSFORM 111 


Proof of (a). If f is such that (H+i)f =0 then 
O = |(Hei)f|° = ((Hei)f,(H+i)f) = (HE,HE)+(f,f) = |HE}2+ 
If|° by Lemma 1 above. Thus (H+i)f = © implies |f|2 = 
and f= 96. Hence (H-i)f =. Thus {@,h} € B- implies 
h= 6. @ is easily seen to be additive and hence Lemma 3 
of §1, Chapter IV shows that @ is the graph of a transfor- 
mation. 

Proof of (b). We first show that inasmuch as H is closed, 
B is closed. Let {$,w} be a pair in the closure of BD. 

Let [{(H+i)f,,(H-i)f,}] be a sequence * % such that 
(Hei )f, Oey are 1)f, pad a ee Si (p-) = 34 (Lim 
Gh), -lim (H+i jf, ) = $4 lim: (- eit, js saat ft. Simidiarly 

= Vo+y) = lim ar, ahs if we ick —— at (p- >) then Hf 
exists and = 1 ete ee H is closed. We also have if= 
4(9- w), and thus (H+ti)f =o, (H-i)f = y. Hence {¢o,wy} is 
in 2 Thus @D contains its limit points and thus V is 
closed. It follows by definition that V is closed. 

Since @ is a linear manifold, V is additive. Further- 
more, if >, and > are in the domain of V then C= 
(H+i)f,, 2 = (H+i)f,, Vo, = (H-1)f, and Vo, = (H-1)f, for 
some f, and f, in the domain of H. Hence Lemma 1 above 
implies (,,6,) = ((H+i)f,,(H+i)f,) = ((H-i)f,,(H-1)f,) = (Vo, 
Vo, )- Thus Definition 2 of §2, Chapter VI, shows that V is 
isometric. 

Proof of (c). In the proof of (a) above, we have shown that 
(H+i)f = 8 implies f= 06. Lemma } and Definition 2 of $1, 
Chapter IV, now show that (H+i)7! exists. Nowif » is in 
the domain of V, = (H+i)f for f in the domain of H. 
Hence (H+i)' exists and equals f. Also V = (H-1)f = 
(H-1)(H+i)'@. Thus V C (H-i)(H+i)”'. 0m the other hand, if 
$ is in the domain of (H-i)(H+i)7', we let f = (H+i) 7's 
and w= (H-i)(H+i)'>. Since = (Hti)f, p= (H-i)f, we 
have Vi =. This shows that V > (H-1)(H+i)~' and with our 
previous inclusion proves the equality. 

H, a proper extension of H, is equivalent to H, +1 a 
proper a ag a of H, +i, which in turn is equivalent to 
(H, +i)! being a nba extension of (H+)! . Now the do- 
re ae och ceive domain oe Eat) Ly 
since (H-i)f is defined on the range of (Ht)! - Hence 
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(Het) being a proper extension of (H,+1) TAs equivalent 
to V, being a proper extension of Vos These equivalences 
are sufficient to prove (d). 

Proof of (e). Lemma 4 of §2, Chapter VI shows that since 
V is closed, both its domain dy and range Ry are Bee 
linear manifolds. Now dD, is also the domain of (H+1) 
which is the range of H+i. But Dy =Ry,; must be the orth- 
ogonal complement of the zeros of (H+i)* by Theorem VI of §2, 
Chapter IV. Now, by Theorem V of §2, Chapter IV, (H+i)*> H*-1 
and H* = (H+i-i)* D (H+i)*4+i or H*-i D3 (H+i)*. It follows 
ielaenn (Gebel) = skool,  Wvalbre! a, is the orthogonal complement of 
the set for which (H*-i)f = 6 or forwhich H*f = if. 

(Gs) is proven in a similar way. 

Proof of (2)-) If fis in the domain on Ho.) there is rare 
in the domain of V_ , such that (H+i)f =, (H-1i)f = Vo. 
Subtracting, we get 2if = (1-V)® or f= SA(V-1 )o. Thus the 
range of 41(V-1) includes the domain of H, which is dense. 
The statement (g) follows easily from this. 

Proof of (h). We first prove that if V is isometric and 
Ri _y is dense, then aw exists. Now (V-1 ee exists if 
and only if (V-1)6=6 implies @= 0. (Cf. Lemma 4 of $1, 
Chapter IV). Let us suppose that (V-1)6=6 or Vo= 9. For 
ND in the domain of V, we have 

0 = (Vo,VW)-(6,) = (6,V¥)-(o,) = (6, Vy-y). 

Thus @ is orthogonal to Ry and since this last set is 
dense, we must have @= 6. Hence (V-1)6=6 implies 9 = @. 
Furthermore 1f f is in the domain of H, we have fora 
b € Dy» -21f = (V-1)> and eHf = (V+1)o. It follows that 6 = 
-21(V-1)f and Hf = -1(V+1)(v-1)"'f. Thus HC -41(v+1)(V-1)7!. 

On the other hand, in the above, we have shown that if 8 = (V-1)4, 

g is in the domain of H. Thus Ry_, G Dd. This is equivalent 
to Dyiyj-1 = Ry, C Dy. If T= -a(ver)(v-1)!, De = Dyes) 
since V+1 is defined everywhere on the range of (V-1 at : 

Thus Dn = Day iI G Du» and with our previous inclusion H C His 
this shows T = H. 

Proof of (k). If EV C VE, we see that the domain of these 
transformations include Dy. We also have E(V-1) C (V-1)E. 

If f is in the range of V=-1, i.e. f= (V-1)>, fora @ in 
the domain of V, then Ef = E(V-1)f = (V-1)Ef, and Ef is also 
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in the range of (V-1). Furthermore Ef = (V-1)E@ = (V-1)E 
(W-1)7'P, or (v=1)7 er = E(vV-1)"'f. “Since this holds for ev- 
ery f in ®_, = Dy_,)-1, we mst have AQ ala oul Geni paso 
We also have E(V+1) C (V+1)E. Hence E(V+1)(V-1)' C (V#1)E 
(v-1)7' ¢ (v+1)(V-1)7'E. ‘The expression for H obtained in the 


above now shows that EH C HE. 


DEFINITION 1. If H is closed symmetric and V is as 
in (a) of Lemma 2 above, then V = Vy is called the Cayley 
transform of H. 


In the proof of (h) above, we have shown: 


LEMMA 3. If V is isometric and such that Ry, is 
dense, then (V-1)' exists. 


LEMMA 4. Let V be closed and isometric and such that 
Ry, is dense. Lemma 3 above shows that (v-1)"' exists. 
Let H = -i(V+1)(v-1)7'. Then (a): H is closed symmetric. 
(pb): Phe Cayley cransformror H “is V7 \(¢)s" Let Ny = 
De, NL, =Rt , then the domain of H and nN erent 
have only © in common. (d): The domain of H* consists 
of elements in the form f+g,+g, where f € Dy g, €N4, 
B € ny and H*(f+g,+g,) = Hf-ig,+ig,. 


PROOF OF (a): If is in the domain of V , let f= 
1i(v-1)o. Then $= -21(V-1)f, and Hf = (V41)(-1(v-1)7')f = 
3 (V+1)9. Thus if f, and f,, are in the domain of H and $, 
and $, denote the corresponding $'s, we have (Hf, ,f,) = 
((V+1), ,1(V-1),) = ~1((V41), ,(V-1),) = “LI (Vp, Vb, )+(o, 5 
Vo, )- (Vo, 157 (61 905)] = 11(V, »6,)-($5,V,)] because for an 
isometric V, (Vo, ,Vo,) = (6,56,)- Similarly (f, Hf.) = 
LL (Vp, »,)-(, VO) ]- Thus for every f, and tS in Dy, 
(f,,Hf,) = (Hf,,f,). Furthermore Dy = Dy-1)7! is by hypothe- 
sis dense. Thus Definition 1 of §3, Chapter IV shows that H 
is symmetric. 

The proot that H is closed is analgous to the proof of 
the closure of V, in (b) of Lemma 2 above. 
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1 
PROOF OF (b): If @ is in the domain of V, f = p4(V-1)¢ 
is in the domain of H with Hf = p(val )>. Thus $= 4(V41)> 
-1(V-1)p = (H+t)f and Vo = Lover p43 (V-1)@ =(H-i)f. Thus V 


is included in the Cayley transform of H. If, however, Vy 


were a proper extension of V, (Vy-1 ie would be a@ proper ex- 
tension of (V-1 a since Rey-4 ris Dd. Hence Dy) el is 
included in but not equal to Dar1 y-1° However we see from 


our hypotheses and (b) of Lemma 2 above that these sets are both 
Dy. This is a contradiction and we have V = Vy. 


PROOF OF (c). Let us suppose that g is in RD, and g # 
©. Then g=i(V-1)o for o€ Dy. Since ny = Dy» we must 
have 0 = (g,6) = i(Vo-$,o). This implies (Vb,o) = (.6) = Io] 
= |Vol-lo|. This is only possible if Vod= kp for a constant 
k. If g#0, ¢6#06 and (Vo,d) = (6,6) implies k= 1. Thus 
Vd =o or (V-1)p =@ This implies g = i(V-1)¢ =@ contrary 
to our supposition. Thus g=6 and N, Dy = {e}. The proof 


of N_,°D, = 188 is similar. 


PROOF OF (d). Let & denote the graph of H and R* de- 
note the set of pairs {f,H*f}, i.e. the graph of H*. Since 
H is symmetric, we have & C R*. Consider R*-R* and let us 
suppose that {h,H*h} is in R*-R*. We have for every f in 
the domain of H, 


2 


(f,H*h) a (Hf ,h), 
O= ({f,Hf},{h,H*h}) = (f,h)+(Hf,H*f), 
This implies that for every @ in the domain of V, 
(S1(V-1)g,H*h)-(3(V+1 ph) = 0, 
(Z4(V-1 )o,h)+(3(V41)p,H*h) = 0. 
A simple calculation will show that these equations are equiva- 
lent respectively to 
(Vo, H*h-1h)-(,H*h+ih) 
(Vo, H*h-ih)+(p,H*h+¢ih) = 0, 
and these equations are equivalent to 
(Vp,H*h-ih) = 0, 
(>, H*h+ih) = 0. 
Thus if ~2ig, = H*h-ih, aig, = H*h+ih, g, is in Ns = Rt, ’ 
Caviar in ny = Dr eS &,+8,, H*h = -ig,+ig,. Thus if 
ee oe 
1 +85 = gtig,, reversing 


i] 
O° 
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the above discussion, will show that g, € Ns and g, € 2, 
implies 
(f,h*) = (Hf,h), 


0o= (if, Hr} hyn), 


for every f in the domain of H. Theorem II of §2, Chapter 
IV, shows that H*h exists and equals h*. Thus we may con- 
clude that fh,h*} € R*R:. 

If k is in the-domain of H*, {k,H*k} is in R* and 
{k,H*k} = {f,Hf}+{h,H*h} where {f,Hf} € R, {h,H*h} € R.R*, 
by Corollary 1 to Theorem VI of §5, Chapter II. From the above, 
we obtain k = f+h= f+g,+8, where f € Dy, &, &Ny, & EN,, 
and H*k = Hf+H*h = Hf-ig,+ig,. Thus every element k in Dix 
is in the desired form and the converse is also readily shown 
when our previous results are used. Furthermore, the given for- 
mula for H*k holds. 

This completes the proof of the Lemma. We may now state: 


THEOREM I. If H is closed symmetric, there exists a 
closed isometric Vy called the Cayley Transform, having 
the properties (a) to (i) of Lemma 2 above. If V is closed 
isometric and such that Ry_, is dense, then there exists 
@ symmetric H having properties (a) to (d) above. 


COROLLARY 1. A closed symmetric H is self-adjoint if 
and only if Va is unitary, i.e. Dy = Ry = {6}. 


If Vy is unitary and Dr, =O, Ri, = {e}, (d) of Lemma 3 
shows that the domain of H* is simply that of H. Since 
H € H*, we must have H = H*. 
If Vy, is not unitary, either Dy or Rt, # fe}. Let us 
suppose that g, # © is in Dr. By (c) of Lemma 2 above, 8, 
is not in Dae However (d) of Lemma 2 above shows that g, is 


in D,,. Thus H* 7 H. 


COROLLARY 2. If H 1s closed symmetric, H has a 
maximal symmetric extension. (Cf. Definition 3 of §3, 
Chapter IV). H has a closed self-adjoint extension if 
and only if De has the same dimensionality as Ry 
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PROOF: If Vy is such that either Rey or De, = {fe}, then 
v.. has no isometric extension and it follows from (d) of Lemma 
2 above that H is maximal symmetric. Thus we may consider 
the case where both Ry and Dy are not {@}. For convenience 
let us assume that Dy has dimensionality less than or equal 
to Rr, By using Lemma 7 of §2, Chapter VI, we can find an iso- 
metric V' with domain Dy and range included in Ry: Lemma 8 
of §2, Chapter VI shows that V, =Vev' is an isometric trans- 
formation such that V, 9) We Dd, = H. Since V, DY Wie Ry 4-1 >) 
Ry + Since the latter is dense, Ry 1-1 is also and Lemma 4 
above shows that there is a symmetric H,, whose Cayley trans- 
form is V,. Since Dy = %, H, must be maximal symmetric as 
we remarked above. Since V, > V, Lemma 2 (d) above shows that 
H, is a proper symmetric extension of H. A similar argument 
holds if the dimensionality of Dy is greater than that of Rt, 
with however the result that Ry, = Kn. 

V has a unitary extension V,> if and only if the dimension- 
ality of Ry is the same as that of ay. (Cf. Lemma 10 of §2, 
Chapter Vi) since Ry; is dense, we see from Corollary 1 
above, that H, can be taken as self-adjoint if and only if the 
dimensionality of Ry equals that of dy. 

We have also shown: 

COROLLARY 3. H is maximal symmetric if and only if at 
least one of the De or Re, consists of @ alone. 


§2 


In this section, we present an analysis of maximal synmetric 
operators, obtaining both structural and existential results. 


DEFINITION 1. Let Por P12 Poserece be a complete 
orthonormal set in WH. (Cf. the end of §6, Chapter II.) 
Let ve be the transformation defined by the equation, 
Vo (re otaPa) = = RucMatas1: Let E denote the projection 
on It = MI, +55---4), i.e. the range of V,. (Cf. §6, 
Chapter II, Theorem XI). 


LEMMA 1 (a): V, is isometric with domain 4 and range 
M,: (is) V, 1s partially isometric with initial set Ff 
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| -1 
and final set mM. ves = Ve E, aay = Ne Vel, aon 


=a smen(he)))s Ry, and Ry-1_4 are dense: (d): (Vise ite) 
and (V,'-1)" exist and (V,~'41)(vV,_'-1)7' = -(vV,41)- 
Se ‘ 


(a): is a consequence of Lemma 7 of Chapter VI §2. 
(b): follows from Definition 1 and Lemma 1 of §3, 


Chapter VI. 
(c): We first show that Ryo-1 is dense. By Theorem 
VI of §2, Chapter IV, we have (Ry 5-1 i Ny *-1° UMW: nee ne XS 
O 
(Ryo-1)*> Ot = orer Varta r. Since >t <n, f= 78 o-+ 
BP teeee- (Cf. Theorem XII of §6, Chapter II). We have Wert = 


= -1 
Vi CR co ) = Me (81>, +85o5+++- )= eo 


Thus ie =f implies a ha Ee, = Bnx++- etc. Since 
o 2 a = is 
Le _olagl” <oo, lim, a, = 0, and hence a, =0 for a= 0, 
intati. are once f= Olas Thus ef “e (Ry =f )}} Amplies f=e6 
fo) 


and hence Ry 6-1 is dense. 

a is also dense. Consider Ry -~ and suppose g € 

=" ==] 
Ryo*-E° Seas =) eee cee VE eee EE. (V, -i)Ef. Thus 
Rc Ry o*-E implies gé€ Ryo or Rya_R C Abe Hence 
4 i = 
(Ry-1-1) G (Ryox-H,) Nyo-E by Theorem VI of §2, Chapter 
a = = 
iit(G Mo svew Glee es (Ry 71-1) implies f € Nyo-E CRA a i) i.e 
or i ee = Ef. Letting f= BoPot8,P t--+- as before we obtain 
VoF = 859, 44,;$ot---- While Ef = 416,+8,$,+---- Since Vf re 
Ef we must have A, = 8,> 8, = Any oe etc. Thus alec 
< co again imlies a =0, a=0, 1,... and f=e6. Thus 
f<€ (Ry-1-4)° implies f=60 and Ryo 1-1 is gouee 
(d): Lemma 3 of §1 above shows that Ve) and 

(Vv = aes ol exist. Now V.'-1 is defined only on M and 


o* 


a -1 -1 -9 -1 -1 
thus V, -1 peg: ee = Memon es since Yovo = 1 oF 
Dia eins 5 p3 =1) = COVE. ) = Ne , sand (Ve 
#1)(Vy 1-1) = (Vg '4L)VQ(1-VQ)71 = (1405) (1-¥5)7! = -(V541): 


(Vo-1 )"! and this completes the proof of the Lemma. 


LEMMA 2. Let Ho correspond to Ve as in Theorem I 
of the preceding section. Then Hy is maximal symmetric 
and -H, corresponds to aa 


Since Meg 3 is dense, there is a symmetric H whose Cayley 


1 
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Corollary 3 of §1, above shows that Hy is 


transform is Vo: 
Lemma 1(d) and Lemma 4 of §1 show that ake 


maximal symmetric. 
corresponds to iB 


LEMMA 3. Let V be maximal isometric, i.e. either Le 
Kh or Ry= 5%. Then we can find a finite or infinite set of 
manifolds Mo» Ms» M,» ee. With corresponding projections 
Eo» E,> Ey, --. having the properties: i. EW = VE, = EWE, 
a eee = 2 08g Ey Ae alk M, + {0}, then EVE, 
when considered on M, alone is unitary. 3. If Mo +H and 


(a): Dy = kh, then for My a> 1, we can find an orthonormal 
set Pau,07 %a,1? «.. Such that M loy ord, 1? a) Mae 
and EVE YE pop? a, ,) = Ta-0%R% a, 341? that is Vs on my 3 
precisely analogous to Vo above. If M, +H and (b): Ry = 
K, then for mo a - 1, we can find an orthonormal set 


Su,07% ax, 1? we SUCH thaus YC 10,07 Pa, 1? OR ae mo? EVE, 
is defined for IM 112% q, 2? Bere tehavel ENE ep? a a) = 


*p=12p?a,B-1° 

We notice first that if V is such that Ry = then Dy-1 = 
%. Furthermore one can readily show that 1, 2, and 3(a)eror ae 
imply 1, 2, and 3(b) for V. Thus we will consider only the case 
in which Dy, = since the other case is a consequence of this 
result. 

Suppose then that dD, =, If also Ry = H then V is uni- 
tary and we let Mm, = Mm, is undefined for a> 1. We mst 
still consider the case in which Ry +H. Let n= Ri + {6}. We 
can find an orthonormal set b>» YW, ... such that N= M( iW,» 
Yo s «+-}). Cf. Theorem XI of §6, Chapter II. We note also that 
V is partially isometric, with initial set H and final set Ry 
= 2+, Thus if F is the projection on Mm, V* = Vv (ir) (Gite 
Definition.1 and Lemma 1 of §%3, Chapter Warne 

Let bua = Vb, ee (PES Op, ly ona  Gkatel every y- Since 
$8 aly) Glial Ry for B= 1, 2, ... , we mst have (Pe 2 Yo)=0 
Wlowe {E32 once abe RB>1 and 6 > 1, we also have (dy a? 
a6) = (VV) = Ty ve Ny, ) = Ca es hope sea ine ES. 
implies that if p>» 6, (bo,89%4,6) = ($e, 8-679, o) = (by p-6? 
h,) = 0, while if B= 6, (dy prey, 5) = ($e,07 Py,0 ) Le (Ye by) = 


Soy * Thus the tap form an orthonormal set. 
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Let Mm, = MOL Oy or Pa, rereet) for every & such that Vat 
is defined. From the above, it is readily seen that the Mey 
are tuall C 

re mutually orthogonal. Since V( R-0% Pex, e," rn 0 Ba? a, Bet? 
VE, = oe ovE,- Furthermore V*(2 B® AP a, 2) = ie F)(23_ 08 AP a) 
— ce b 
= ve ee dpetihe= rB=128R% a, 3-1 - Thus ae =: E,V*E Taking 
adjoints, we obtain E,V = E,VE, = VE,. 

By Lemmas 5 and 7 of §1, Chapter VI, Lye Be is a projection 
with range MM, uM, Ulere <a) ee Moy al): Since EW = VE 
forming sums and it ae Ae taninc. batten we obtain ( ae 
mV Zi Bods oe bet Ey = 1-£4.248q: Then VE,= 1H As oVE, 
and 1= 2, 8, Furthermore V=1-V= (£,_)E,)V = £ oP 
= = _pE,VvE,- The properties listed in (1) have now been estab- 


EV 


The range of 1-E, is M( loa a!) and hence includes 
M( bog oi!) = Mig s) =N= Ry . By Lemma 3 of §1, Chapter VI, 
we see then that My the range ot E,, is included in R,. 
Hence EV has the same range as Eo: Since EQV = VE» we 
see that Rv = Mo: Since E,V = VE, = E,VE,, we see that 
V vegarded only on Mo has range My and hence is unitary 
with respect to My if the latter is not simply {6}. (Natur- 
ally Mo can be finite dimensional, but the above discussion 
applies in that case also). Thus we have shown (2). (3) (a) is 


quite obvious under these circumstances. 


LEMMA 4. Let V be isometric, with Ry dense and 
let H be the corresponding symnetric operator. Let E 
be a projection with range @, such that EV = VE. Let 
V' be the contraction of V, with domain Dy: M. Then 
V' is closed isometric and Ry,_, 1s dense in m. Re- 
garded as a transformation within J, V' has a corres- 
ponding symmetric transformation H' which is the contrac- 
tion of H with domain Dee mM, 


Since Dy-M is additive and closed, V must be additive 
and closed, since V is continuous. (Cf. the comment preced- 
ing Def. 6 of §1, Chapter IV). Since V’' is additive and a 
contraction of V , it must be isometric. (Cf. Definition 2 
of §2, Chapter VI). 

Now Rev-1) is dense in ™M, since Ry_, 18 dense in H. 
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Also Ra(v-1) = Ray-E = Ryp-k = Roya vn Ry 4 Las Ry 4 


is dense in 
Let H' denote the symmetric transformation on Mm, which 


corresponds to V' regarded as a transformation on JM alone. 
Let f be in the domain of H'. Then sorrespouae we will 
havea @ in D,-M such that f = L4(V!-1)@ = pilv-1 )p. Hence 
f is in the domain of H and we also have Hf = “Lve1yp = 
(vite }o = H'f. Thus H' 4s included in the ppt (one Jel 
with domain Dy M 4 
On the other hand if f is in aym » we have fora o€ Dy» 
= ai(v-1 )o = Ef = 31(EV-E)o = 41 (VE-E)p = ti (V-1)Eg. Since 
is at exists, (Cf. Lemmas 3 a 4 of the preceding aerhey 8 
we must have g=Eg@ and @ € Dy Upti,  MBGIbE) 36 = $a(V-1 )b = 
(V'-1)> is in the domain of H'. Thus f € Dam implies 
feE Dan and H contracted to dy-M cannot be a proper ex- 
tension of H'. This and the result of the preceding paragraph 
4mply the conclusion of the Lemma. 

We also have by (i) of Lemma 2 of §1 above, EH C HE. Thus 
cbt 908 DL, UP ale) aba Dn and Ehf = HEF. if fFeD,m, this 
means EHf = Hf = H'f. Combining these statements, we get that 
for every f €D,, Ef € ae -M and EH(Ef) = H'Ef. Furthermore 
EHf = HEf implies EHf = E ur = E(EH)f = E( HE)? = EREf = H'Ef. 
Thus we have shown the corollary: 


COROLLARY 1. If E, H and H' are as in Lemma 4 above 
and f € Dy then Ef € Op-M Shalol 1Nsh =F WSitae = sine | 


If H is maximal symmetric, Va = V is maximal isometric 
and either Dd = KH or Ry = Os ABE Dy = K, we have Mos Myrees 
and Eo» By seers as in Lemma 3 above, and if we apply the Corol- 
lary i Lemma 4 above, we get that for every f € Da isbie 
(2 HoFQ)’ H = 1 we on™ Ee f, where HOS) Wits. on Patten to 
Da Mm, and is considered as a transformation on My: (2) of 
Lemma 3 above, and Corollary 1 to Theorem I of the preceding 
section and Lemma 4 above show that H‘°) is a self-adjoint 
transformation if: ™, # {6}. On the other hand, H'®) for 
a= 1,2,... , when they are defined are each analogous to Hy 
of Lemma 2 above, with respect to the orthonormal set bu, 0, 


Gur cee 
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If Ry = 8, the situation is similar except that a'%) for 


OLR isan A) , if there are any such, are each analogous to 
-Hy of Lemma 2 above with respect to an orthonormal set $y 0? 
$a,1? aie Thus we may state ‘ 


THEOREM II. Suppose H is maximal symmetric. Then 
there exists mutually orthogonal manifolds, Mo» M,, M, » 
with projections, Eo» E,; respectively, such that 
LT y-p-g = 1 and such that EHC HE, for every E,. Let 
H‘™) denote the contraction of H with domain Dy M (a) 
and which is regarded as a transformation on My. Then 
for every f€2,, Hf = r,_ H'Ef. Furthermore if 
m,# to}, H'°) 4s self-adjoint. If m, 7%, we have 
at least one My for an a) 1 and two cases are pos- 
sible: (a) If V is the Cayley transform of H, then 
Dy =H and H!™ for the «> 1, is such that there is an 
orthonormal sequence $u,0? Pa,17°°° for which yl) ta 
analogous to the Hy of Lemma 2 or (b) Ry =f and H 
for the a > 1 is such that there is an orthonormal se- 
quence, Fa, 02Pa,19°°* for which Ho!) is analogous to 
-Hy of Lemma 2. 

The converse to this result can also be given. 
Let a number of Hilbert spaces, Ro» Ky ' Agrees be given, 


and consider a self-adjoint (9) in Ko and realize H, 


as a A!) in each a for aw=1, 2, ... . We may form 
j= Ro 6 Ai, @..as in Definition 1 or 2 of §3, Chapter III. Let 
Hif, pisos = Hr a! pf ,...] when both sequences exist 


Bi ried Aiea, SUA OM eat Cayley transform of H‘%), 
we know from Lemma 8 of pe Chapter VI that V = We ® V, Oeoa6 
is isometric with D One can also readily show that 
Vita, f yore j= pyle fo; mae Paes ep © aaelaae Ry_; is dense, 
and that H corresponds to Vv as in Theorem I of §1 above. 


Thus H is maximal symmetric. 
If we take a!) as a realization of “Hp, we have Ry =FK 
and H is again maximal symmetric. Thus we have: 


COROLLARY 1. If H is constructed as in the above, 
H is maximal symmetric. 


CHAPTER XI 
REFERENCES TO FURTHER DEVELOPMENTS 


Our main purpose in this Chapter is to give references in a 
number of topics for further reading. We will also give a brief 
heuristic introduction to each topic. 

Our references will be numbered as they are introduced. Two 
essential references are the following: 


(1) M. H. Stone. “Linear Transformations in Hilbert 
Space". Amer. Math. Soc. Colloquium Publications. 
Vol. XV, New York, N.Y. (1932). 

(2) J. v. Neumann. Princeton Lecture Notes, for the 
years, 9550—5.4, 1934 - 35. 


$1 


In the footnote to Definition 1 of Chapter VII, §2, we in- 
dicated two different kinds of resolutions of the identity. 
Other types are possible; for instance: Let E,(A) denote 
the example (b) in this footnote and let (A) denote a mono- 
tonically increasing continuous function with o(A) = 0 for 
COG ROCA a wecormnA > 1, and (A) has variation zero 
on the complement of a closed set of measure zero, in the in- 
terval O€A<¢1. Then F(A) =E o((A)) offers another ex- 
ample of a resolution of the ene 

Furthermore combinations of these cases occur. For instance: 
Let E, (A) denote the example (a) of the footnote referred to in 
the previous paragraph and E, (A) denote the example (b). Sup- 
pose that these are realized in the two spaces Hy and Ry re- 
spectively. Then in KR, ® Bo» we may consider the projections 
defined by the Aesth QA) If, sf, } oc tin (ANF, .E, (A)f, he UMass) 
again forms a resolution of the identity. 

Since E, (A) varies only on a discrete set of points, E, (A) 
is said to have pure point spectra. E, (A) and F(A) have 
what is termed continuous spectra, me G(A) has a mixed 
spectra. 
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However all the examples cited above have one property in 
common. Let Up denote the set of elements g for which 
there is a function (A) such that g = [@@(A)dE(A)f. Now 
in each case, there is an f such that Mp = [Uh] = Mo 
Therefore, these resolutions are said to have simple spectra. 

But this is not the case in certain other examples. Sup- 


pose we consider A, O .n6r® AL as in definition 1) of §3,; 

Chapter III, and let E,(A) be realized in each Aas @= 1, «. 
wan. (Let G(A){f,, -. sf} = [E,(A)f,,-++5 E,(A)f,}. Then 

the least number m_ such that there are m elements, fist, 


such that Mp, @ .cce Me =H is n andthus GA) is 
said to have n'tuple spectra. 

A complete analysis of these possibilities is given in 
Stone's treatise, reference (1) above in the following places: 
Chapter IV, §2; Chapter V, §5; Chapter VI, §1; Chapter VII. (It 
is believed that these can be read in this order, by a person 
familiar with the material of this book). 


§2 
The Operational Calculus 


If p(x) is a polynomial and H is self+adjoint we can de- 
fine p(H) = a.HT+a,_jH'+...4a, = [2 p(A)dE(A) where (a) 
is the resolution of the identity corresponding to H. (Cf. 
Theorem II of §2, Chapter IX). If (x) is continuous, we can 
define (HH) = Se O(A)dE(A). (Cf. Theorem II of Chapter VII, 
§3). Lemma 4 of §3, Chapter VII and Lemma 5 of §2, Chapter VII 
show the connection between the properties of these operators 
and the corresponding properties of the function 9$(x) itself. 

We have considered these only for continuous (x). However 
the equation 


(Hf,g) = SR o(A)d(E(A)f,g) 


offers certain possibilities for generalizations. (Cf. Lemma 2 
of §3, Chapter VII). For f fixed, this determines the conju- 
gate of an additive functional of g. When the functional is 
bounded, there corresponds to this functional an element. Hf. 
(Cf. Theorem IV of §4, Chapter II). Thus far we have considered 
only the possibility of a Riemann-Stielt jes integral. However, 
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4f we consider Radon-Stieltjes integrals, we can define the 
above integral expression for a wider class of functions 9$(x). 
This is done in Reference (1) in Chapter VI. 

For bounded operators these questions are considered from a 
different point of view in 


(3). J. v. Neumann. "Uber Funktionen von Funktional- 
operatoren". Annals of Math. Wille Bey ise iMeAl 
226 (19351). 
A direct generalization is given in the following two papers 
of F. Maeda. Maeda does not interpose the numerical integral. 


(4). F. Maeda. “Theory of Vector Valued Set Functions". 
Jour. of Soc. of the Hiroshima Univ. Vol. 4. pp. 
57-91, and pp 141-160. 


§3 
Commutativity and Normal Operators 


Definition 1 of §4, Chapter VII applied only to the case in 
which one of the operators is self-adjoint. For linear opera- 
tors, an obvious extension is possible but for unbounded opera- 
tors, certain difficulties in the domains appear. In the more 
general case, the notion of commutativity has been discussed 
from a number of points of view. For instance, if A is linear, 
we may define commutativity by the inclusions, AB C BA, A*B C 
BA*. This is discussed in Chapter 14 of (2) above and also in 


(5). J. v. Neumann. "Zur Algebra der Funktionalop- 
eratoren". Math. Annalen. B. 102, pp. 370-427. 
(1929). 


In this connection, we would also like to refer the reader to 
§1 of Chapter VIII of the reference (1). 

A similar situation holds with respect to normal operators 
in the general unbounded case. Various definitions are given 
in (5), (p. 406), (1) Definition 8.3; 


(6). J. v. Neumann. "On Normal Operators". Proc. of the 
Nat. Acad. of Sc. Vol. 21, pp. 366 - 369. (1935). 


(7). K. Kodaira. "On Some Fundamental Theorems in the 
Theory of Operators in Hilbert Space". Proc. of 
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the Imp. Acad., Tokyo. Vol. 15, pp. 207 - 210. 
(1939). (It is this definition which we have 
used.) 


These definitions are all equivalent, since they can be shown 
to be equivalent to A having the integral representation A = 
$5,24E, (P) of Theorem III of §3, Chapter IX. 

The theory of normal operators can be developed much further. 
We have an operational calculus for the functions of a single 
normal operator. (Cf. (1), Chapter VIII, §3). 


§4 
Symmetric and Self-adjoint Operators 


There are a number of topics in the study of symmetric oper- 
ators, which we haven't discussed. We refer the reader to the 
matters discussed in §2 and §3 of (1), Chapter IX. These deal 
with the abstract significance of "realness" as applied to oper- 
ators and also the possibility of approximating symmetric oper- 
ators by bounded symmetric operators. 

Another development having practical significance is the re- 
sult given in: 


(8). K. Friedrichs. "Spektraltheorie Halbbeschrdnkten 
Operatoren". Math. Ann. B. 109, pp. 465 - 487. 
(1934). 

This paper describes a general method for obtaining a self- 
adjoint extension of a symmetric operator, which is bounded be- 
IO aleGn, Ci. eco. 

It has also been shown that one can construct two symmetric 
operators H, and H, so that their domains have only 96 in 
common. This significant result is given as Satz 15 in: 


(9). J. v. Neumann. "Zur Theorie der unbeschraénkten 
Matrizen". Jour. f. reine u. angewandte Math. B. 
161, pp. 208 - 236. (1929). 


§5 
Infinite Matrices 


If T is ac.a.d.d. transformation, we can find a complete 
orthonormal set §, >), $5 Asie “al Dp (Cf. Theorem X of §6, 
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Chapter II). We have for each such orthonormal set S an in- 
finite matrix (ag p> with a, Aion (To. 9p) - Furthermore, the 
infinite matrix and the orthonormal set, will panes! for each 
a, the value of Th, = Xp 2o,8% if E glee, ae < co. 

However the following possibility may occur. Let §S denote 
the set of pairs {[$,,T, } in Kesh. Fora given 8, T de- 
termines the matrix (a,,) and thus 3S, nevertheless MS) 
may be a proper subset oF the graph of T. An example can eas- 
ily be given. Let 9 consist opis Gilal, pinbralehealfoyarey ae alse! Lp in 
the form ap+f§, Xe(t)d— where g(&) is also in ©. Let Tf 
= g. One can readily see that uu alt) eapictole tole The ees 
orthonormal set {exp (iemx)},n = 0, Ft oe tees DD 
but the pair fot-6) e+e in the graph of T is orth- 
ogonal to the corresponding S. 

This cannot happen for bounded operators T and for these a 
satisfactory matrix theory exists. The reader is referred to 
reference (9) for a more general discussion and to (1) Chapter 
TII, §1, which also contains an interesting historical comment. 


§6 
Operators of Finite Norm 


A specialized but nevertheless interesting class of operators 
is cs ae oe T's whose matrices possess the property that 
PEAS spl ® < ow. These are said to be of finite norm and are 
ccs i (1) Chapter II, §3, Definition 2:15 et seq., Chap- 
ter III, §2, and Chapter V, Theorem 5.14. 


§7 
Stone's Theorem 


If we Have a family of unitary operators, W(A) defined for 
-coo < A< oc having the properties that UA, ) -W(A,) = U(A, +A) 
and that (U(A)f,g) is a continuous function of A for every 
f and g, then there exists a self-adjoint H such that 
U(A) = exp (1AH). This result, which has many important appli- 
cations, is due to Stone: 


(10). M. H. Stone. "On One Parameter Unitary Groups in 
Hilbert Space". Annals of Math. Vol. 33, pp. 643- 
648. (1932). 
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J. v. Neumann pointed out that we may replace the condition 
of continuity for (UW(A)f,g) by measurability. 


(11). J. v. Neumann. "Uber einen Satz von Herrn. 
M. H. Stone". Annals of Math. Vol. 33, pp. 
Ah > Bylo (Gl e}2))e 


§8 
"Rings of Operators" 


We have been concerned up to now with matters which depend 
on the structure of a single operator, indeed on the structure 
of a single normal operator. The structure of certain sets of 
transformations is also interesting and has been studied recent- 
ve 

These investigations have been concerned with the infinite 
dimensional equivalent of semi-simple matrix algebras. These 
sets are also the generalization of group algebras and are of 
interest because of Haar's result that any locally compact sep- 
arable topological group can be represented as a set of wnitary 
transformations in Hilbert space. 


(12). <A. Haar. “Der Massbegriff in der Theorie der 
kontinuierlichen Gruppen". Annals of Math. 
Vol. 34, pp. 147 - 169. (1933). 


In reference (5) above, J. v. Neumann introduced the notion 
of ring of operators. A set of linear operators, M, is said 
to be a ring of operators if A€M and Be€eM imply aA, A*, 
A+B and AB€M and if, furthermore, M is closed in a certain 
topology. This topology insures that the limit of a weakly con- 
vergent sequence of operators of M, is in M. Whether clos- 
ure in this topology is equivalent to this property, if M has 
the algebraic properties of a ring, is not known. If M does 
not have these algebraic properties, this topology is not equiv- 
alent to sequential closure. 

This topology is desired, however, since rings closed under 
this topology have the following very interesting property. Let 
M' denote the set of linear operators which commute with all 
A€M. Then if M is a ring containing 1, then (M')' = M. 
This result is proven in (5) in a slightly more general form. 
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Also important is the result proven in (5) and (3), that slats 
M is abelian, i.e. M' CM', then there exists a self-adjoint 
H, such that every transformation in M 4g a function of H. 

In an unpublished work, Professor von Neumann has also estab- 
lished what might be called the resolution of a ring with re- 
spect to its center, M-M!. M-M! is abelian. Suppose its cen- 
ter contained only a finite number of mutually orthogonal pro- 
jections E,; eianets EK, and suppose that each Ey is minimal in 
M-M'. If M contains 1, 1 = LE, and if A€éM, A= (COE A 
= ry EAE since KH, € M-M'. If we consider the EAE, on 
My» the range of Ey then these transformations form a ring 
of operators on MN, whose center is simply {&-1}. 

A ring for which M-M! = fa-1} is called a. factor. Thus M 
can be called the e sum of factors. In the general case, the 
possibility of a continuous spectrum for the H which deter- 
mines M-M' offers difficulty, but Prof. v. Neumann's result 
is that for a suitably generalized definition of @ sum, every 
ring M is the e sum of factors. 

Thus the analysis of rings of operators in general can be re- 
ferred to in the study of factors. From the corresponding re- 
sult in the finite dimensional cases, one would suspect that a 
factor must be isomorphic to the set of all linear operators on 
Hilbert space or on a finite dimensional unitary space. 

But this is not the case in general as is shown in: 


(13). F. J. Murray and J. v. Neumann. "On rings of 
operators". Annals of Math. Vol. 37, Pp. IAS = 
229. (1936). 


Here one considers a relative dimension function Dy(=) de- 
fined for the projections in M and having the properties that 
Dy(E, ) < Dy(E,) if and only if there exists a partially iso- 
metric W in M, whose initial set is the range of E, and 
whose final set is included in the range of E,. When Dy(E, ) 
= DylE,) » W can be chosen so that the final set is the range 
of E,. 

If M is a factor isomorphic to all the operators on a Hil- 
bert space, Dy(®) takes!1on thevaluese (0,0; 125 sl) COmmLOT 
various E's in M and only these values. A similar result 
holds if M is isomorphic to the operators on an n-dimensional 
space. These cases are called respectively I,, and I. 
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There are, however, essentially, three other possibilities for 
the range of Dy(®); case II, in which Dy(E) assumes all 
values qa such that 0¢a¢1, II, inwhich 0¢€a{ 
and III,where a@=0 or oo. 

Examples of factors in case II, and II,, were given in 
(13). An example of a III,, was first given in 


(14). J. v. Neumann. "On rings of operators III". 
Annals of Math. Vol. 41, pp. 94 - 161. (1940). 


Let M bea factor ina case II, and H= §_GadE(A) be 
a self-adjoint operator in M. The expression 


Ta(H) = SO ,adDy(E(A)) 


was defined in (13) and shown to have a number of the properties 
of a trace in the finite dimensional case. The property, 
Ta(H, +H, ) = Ta(H, )+Ta(H, ) was established in 


(15). F. J. Murray and J. v. Neumann. “On rings of op- 
erators II". Trans. of the Amer. Math. Soc. 
Voi. Ai, epp. 2088— 9248. C1956 is 


Hor -ay 11 x6ds) os =n Oe «500.8 als | Mean: case ts are 
isomorphic. However, in a forthcoming joint paper of Professor 
von Neumann and the writer it will be shown that not all II,'s 
are isomorphic. 

The following paper is also of interest in connection with 
rings of operators: 


(16). J. v. Neumann. "On infinite direct products". 
Compositio Math. Vol. 6, pp. 1- 77. (1938). 


An application of the Rings of Operators theory to a new 
development is given in: 


(17). F. J. Murray. "Bilinear transformations in 


Hilbert space." Trans. of the Amer. Math. 
BOCmegVOl.gt5., PDs 47hum 507 «5 uC 1959). 


CHAPTER XII 
REFERENCES TO APPLICATIONS 


In this Chapter, we give a brief list of references to the 
applications of the theory which we have discussed. 


$1 


We wish again to refer the reader to reference (1) of the 
preceding Chapter, in particular to Chapters III and X. There 
the following topics are discussed: Integral Operators (in- 
cluding the Fourier transforms), Differential Operators, Oper- 
ators corresponding to flows (briefly), Jacobi matrices and 
Moment problems. 

In connection with integral operators, mention should also be 
made of: 


(18). J. v. Neumann. "Charakterisierung des Spektrums 
eine Integraloperators". Actualites Sci. et In- 
dustrielles, 229, Herman et Cie, Paris. (1935). 


This paper is concerned with self-adjoint operators, which may 
be represented as integral operators. It is characteristic of 
these operators that there exists no e€ > 0 such that E(e)- 
E(-e€) has a finite dimensional range. 


§2 


Differential Operators 


The nature of the domain of differential operators and the 
possibility of symmetric extensions have been investigated from 
a number of viewpoints. Perhaps the most natural continuation 
of the work of von Neumann and Stone is to be found in the papers, 


(19). I. Halperin. "Closures and adjoints of linear 
differential operators". Annals of Math. Vol. 
38, pp. 880 - 919, (1937). 
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(20). J. W. Calkins. "Abstract symmetric boundary 
conditions." Trans. of the Amer. Math. Soc. 
Vole, 45, pow 569-%e.) Cigs9)). 


The notions of reference (8) of the preceding Chapter have 
been extended and applied to differential operators in: 


(21). K. Friedrichs. "“Spektraltheories halbbeschrdénk- 
ten Operatoren. Zweiter Teil". Math. Annalen. 
B. 109. pp. 685 - 713, (1934). 


(22). K. Friedrichs. “Uber die ausgezeichnete Randbe- 
dingungen in der Spektraltheorie der halbbe- 
schraénkten gewdhnlichen Differentialoperatoren 
zweiter Ordnung". Math. Annalen B. 112, pp. 1 
PS, Ct955)s 

(23). K. Friedrichs. "On differential operators in 
Hilbert space”. Amer. Jour. of Math. Vol. 

LXI, pp. 523 - 544, (1939). 


Another paper dealing with differential operators is: 


(24). F. J. Murray. “Linear Transformations between 
Hilbert spaces". Trans. of the Amer. Math. Soc. 
Weis Bis ios Bol = seis (Glee) 


§3 


The very important applications of the notions of linear 
transformations in Hilbert space to quantum mechanics are ex- 
plained in: 


(25). J. v. Neumann. "Mathematische Grundlagen der 
Quantenmechanik", J. Springer, Berlin. (1932). 


§4 
The connection between the theory of Operators and the usual 
Hamiltonian mechanics was pointed out in: 


(26). B. O. Koopman. “Hamiltonian systems and trans- 
formations in Hilbert space". Proc. of the Nat. 
Acad OLppel. Vole 17, Dose loa ole (1951). 


This connection is based on Stone's Theorem (Cf. reference 
(10) and (11), and has led to many interesting and important 
results. These are given in: 


(27). 


(AS) 6 


(29). 
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B. 0. Koopman and J. vonNeumann. "Dynamical 
systems of Continuous Spectra." Proc. of the 
National Acad. of Sci., Vol. ASO © ele are i 
(1932). 


J. vonNeumamn. “Proof of the quasi-ergodic 
hypothesis." Proc. of the National Acad. of 
Sel., Vol. 16, pp. 10-02 (1932). 


J. vonNeumann. “Zur Operatorenmethode in der 
klassichen Mechanik." Annals of Math., Vol. 
33, pp. 587-642 (1932). 
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Representation, integral, 81. 
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planar, 106. 


additive, 9. 
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orthonormal, 16; complete o.,21. 
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Banach s., 7. 
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Symbol, Kronecker, 17. 


Transformation 
additive, 32. 
adjoint, 34. 
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